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ABSTRACT
L e t  X and Y be Banach s p a c e s  and d e n o te  by  X ®£ Y
and X 8 ^  Y t h e  c o m p le t io n  o f  t h e  a l g e b r a i c  t e n s o r  p r o d u c t
o f  X and Y in  t h e  e  and tt t o p o l o g i e s  r e s p e c t i v e l y .
I f  (x i ) i s  a b a s i s  f o r  X and (y^) i s  a b a s i s  f o r  Y,
t h e n  t h e  sequence  o f  t e n s o r s  ( x ^ f i y j ) ,  o r d e r e d  i n  a c e r t a i n  
way, i s  a b a s i s  f o r  b o t h  X® Y and X&„Y and i s  c a l l e d6 TT
t h e  t e n s o r  p r o d u c t  b a s i s .  We w i l l  c a l l  t h e  su b sequence
"the t e n s o r  d i a g o n a l  o f  t h e  b a s e s
(x± ) and (y± ) .
The p u rp o s e  o f  t h i s  p a p e r  i s  t o  s tu d y  t h e  p r o p e r t i e s  
o f  t e n s o r  p r o d u c t  b a s e s  and t e n s o r  d i a g o n a l s ,  and i n d i r e c t l y ,  
t h e  s t r u c t u r e  o f  t h e  s p a c e s  X ®£ Y and a l s o .
In  C h a p te r s  I  and I I  perm anence  p r o p e r t i e s  o f  (x. ® y H)J
and (x ^ & y ^ )  a r e  d i s c u s s e d  In  t h e  e and T r - to p o lo g ie s
r e s p e c t i v e l y .
In  C h a p te r  I I I  we d e t e r m in e  c o n d i t i o n s  on t h e  b a s e s
(x^) and (y^)  which  a r e  s u f f i c i e n t  t o  f o r c e  t h e  d i a g o n a l
( x ^ & y ^ )  t o  be s i m i l a r  t o  a g iv e n  b a s i s .  We o b t a i n  a
co m p le te  c h a r a c t e r i z a t i o n  o f  t h e  d i a g o n a l s  o f  t h e  u n i t  v e c t o r
b a s e s  In  2L &r  and show t h a t  f o r  a l a r g e  c l a s s  o f  s p a c e s  €
X and Y w i th  b a s e s  (x^)  and (y^) t h e  d i a g o n a l  (x^S iy^ )
( * i * y i )  o f  (x i
iv
i n  X SI Y i s  s i m i l a r  t o  t h e  u n i t  v e c t o r  b a s i s  o f  c .£ O
The s u b j e c t  o f  C h a p te r  IV i s  t h e  t e n s o r  d i a g o n a l s  o f  
t e n s o r  p r o d u c t  b a s e s  i n  C [ 0 , 1] C[0 , 1 ]  . We show t h a t  t h e  
d i a g o n a l  (0^ J0 0±) o f  t h e  u s u a l  S ch au d e r  b a s i s  (0^) f o r  
C [0 ,1 ]  i s  s i m i l a r  t o  a b a s i s  f o r  C [0 ,1 ]  and t h a t  t h e r e  
e x i s t  b a s e s  (x^) and (y^) f o r  C [0 ,1 ]  such  t h a t  (x^fiiy^)  i s  
s i m i l a r  t o  t h e  u n i t  v e c t o r  b a s i s  f o r  c q . The r e l a t i o n s h i p  
between  t e n s o r  d i a g o n a l s  and t h e  s o l u t i o n  o f  c e r t a i n  u n s o lv e d  
p ro b lem s  c o n c e r n in g  b a s e s  i n  C [0 ,1 ]  i s  a l s o  m e n t io n e d .
In  C h a p te r  V we c o n s i d e r  t h e  t o p i c  o f  r e f l e x i v i t y  o f  
t h e  s p a c e s  X Yj and £(XjY) ( t h e  space  o f  bounded
l i n e a r  o p e r a t o r s  f rom  X t o  Y ).  N e c e s s a ry  and s u f f i c i e n t  
c o n d i t i o n s  f o r  t h e  r e f l e x i v i t y  o f  e a c h  o f  t h e s e  s p a c e s  i n  t h e  
c a s e  where X and Y have b a s e s  a r e  g iv e n ,  and exam ples  o f  
i n f i n i t e  d im e n s io n a l  s p a c e s  X and Y f o r  which t h e s e  s p a c e s  
a r e  r e f l e x i v e  a r e  c o n s t r u c t e d .
v
INTRODUCTION 
PRELIMINARY RESULTS AND NOTATION
I . B a s e s .
The o n ly  s p a c e s  c o n s i d e r e d  i n  t h i s  p a p e r  w i l l  he
Banach s p a c e s .  I f  X i s  a g iv e n  s p a ce  we w i l l  d e n o te  i t s
*
d u a l  o r  c o n j u g a t e  sp ace  hy  X . The c l o s e d  l i n e a r  span o f  
a seq u en ce  (x^)  i n  X i s  d e n o ted  by  [ x ^ ] .
A sequence  (x^) i n  X i s  c a l l e d  a b a s i s  f o r  X (b a s i c
sequence  in  X) i f  f o r  e a ch  x in  X ( f o r  each  x i n  [ x ^ ] )  t h e r e
e x i s t s  a u n iq u e  sequence  o f  s c a l a r s  (a^)  such  t h a t  
00
x ^ E ^ a ^ x ^  i c o n v e rg e n ce  i n  t h e  norm to p o l o g y  o f  X . I f  f o r  
e a c h  x i n  X ( f o r  each  x i n  [ x ^ ] )  t h i s  co n v e rg e n ce  I s  
u n c o n d i t i o n a l , t h e n  (x^) i s  c a l l e d  an u n c o n d i t i o n a l  b a s i s  
(u n c o n d i t i o n a l  b a s i c  s e q u e n c e ) . F o r  a d i s c u s s i o n  o f  
u n c o n d i t i o n a l  c o n v e rg e n ce  in  Banach s p a c e s  see  [ 2 4 ] .
A s s o c i a t e d  w i t h  a b a s i s  (x.^) i n  X i s  a sequence  o f  
l i n e a r  f u n c t i o n a l s  ( f ^ )  in  X d e f i n e d  by  ^ ( x )  =
^n^5 a i x i )  = an an(* c a - ^ e ^ a s s o c i a t e  sequence  o f
c o e f f i c i e n t  f u n c t i o n a l s . A b a s i s  (x^)  h a v in g  c o e f f i c i e n t  
f u n c t i o n a l s  ( f ^ )  I s  d e n o te d  by ( x ^ , f ^ ) .  I t  i s  w e l l  known 
t h a t  i f  ( x ^ j f ^ )  i s  a ( u n c o n d i t i o n a l )  b a s i s  f o r  X t h e n  ( f^ )  
i s  a ( u n c o n d i t i o n a l )  b a s i c  sequence  i n  X*.
A b a s i s  (x^)  i s  c a l l e d  semi- n o r m a l i z e d  i f
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0 < i n f  U x J I  < s ^ p  \\x±\\ < + »  . Throughout  t h i s  p a p e r ,  
u n l e s s  s p e c i f i c  m en t io n  i s  made t o  t h e  c o n t r a r y ,  a l l  b a s e s  
w i l l  be assumed t o  be  sem i- n o r m a l i z e d .
The f o l l o w i n g  i n t e r n a l  c h a r a c t e r i z a t i o n  o f  b a s e s  
i s  due t o  M, M. G rinb lyum  [14]  and i s  c a l l e d  t h e  
" K - c o n d i t l o n " .
Theorem : L e t  (x^) be a. s eq u en ce  i n  X such  t h a t
[x ^ ]  = X, Then (x^) _is _a b a s i s  f o r  X i f  and o n ly  i f  t h e r e
e x i s t s  _a K > 1 such  t h a t  f o r  a l l  p < q and a l l  se q u e n ce s
H iClaixî   ̂K H i!iaixil' *
In  t h e  c a s e  K = 1 (x^) i s  c a l l e d  a monotone b a s i s .
A s i m i l a r  c r i t e r i o n  c a l l e d  t h e  u n c o n d i t i o n a l  fo rm  o f  
t h e  K-c o n d i t i o n  c h a r a c t e r i z e s  u n c o n d i t i o n a l  b a s e s .  Le t  
Z d e n o te  t h e  f i n i t e  s u b s e t s  o f  t h e  p o s i t i v e  i n t e g e r s .
Theorem : L e t  (x^) Jae _a se q u en ce  i n  X such  t h a t  [x ^ ]  = X.
Then (x^) jLs an u n c o n d i t i o n a l  b a s i s  i f  and o n ly  i f  t h e r e
e x i s t s  K > 1 such  t h a t  f o r  a l l  q, a 1 i n  E w i th  a <= a 1
and  a l l  s e q u e n c e s  (a^)
I f  ( x ^ f j j  i s  a b a s i s  f o r  X and ( y ^ jg ^ )  i s  a b a s i s  
f o r  Y, t h e n  (x^) and (y.^) a r e  s a i d  t o  be  s i m i l a r  i f  
£ a iXjL c o n v e rg e s  i f  and o n ly  i f  £ a±y± c o n v e r g e s .  I t  i s  
a conseq u en ce  o f  t h e  B a n a c h -S te in h a u s  th e o re m  and t h e  open 
m apping  th e o re m  t h a t  t h e  b a s e s  (x^) and (y^) a r e  s i m i l a r  i f
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and o n ly  I f  t h e r e  e x i s t s  a l i n e a r  homeomorphism T:X -♦ Y 
such  t h a t  T (x ^ )  = y.^.
I t  f o l l o w s  from t h e  n o rm -d e te rm in in g  p r o p e r t y  o f  
[ f ^ ]  o v e r  X [3 6 ]  t h a t  t h e  sequence  o f  c o e f f i c i e n t  
f u n c t i o n a l s  (g^)  i n  [fj_] a s s o c i a t e d  w i th  t h e  b a s i c  sequence  
( f ^ )  i s  s i m i l a r  t o  t h e  b a s i s  (x.^) . Hence we w r i t e  ( f ^ , x ^ )  
i s  a b a s i c  s e q u en ce  in  X * .
L e t  (x i J f i ) be a b a s i s  f o r  X. Then (x^) i s  s a i d
t o  be
( i )  s h r i n k i n g  [ 8 , p . 6 9 ] i f  ( f ^) i s  a b a s i s  f o r  X ,
( i i )  b o u n d ed ly  co m p le te  [ 8 , p . 6 9 ]  i f  sup || _S_^a^x^||< + 00
c o n v e rg e s ,
( i i i )  o f  t y p e  wcQ [11]  i f  [x^] c o n v e rg e s  w eak ly  t o  z e ro ,
(Note:  we d e n o te  weak c o n v e rg e n c e  o f  a sequence
(xn ) t o  x by  xn ^  x)
( l v )  o f  t y p e  swcQ [11]  i f  t h e r e  i s  a su b seq u en c e  (xn )
o f  ( x . ) such  t h a t  x_ ^  0,n ̂
(v) o f  t y p e  (wco )* [11]  i f  f ^ ^  0,
( v i )  o f  t y p e  P [ 3 5 ] i f  sup l l j ^ x j )  < +00 ,
( v i i )  o f  t y p e  P* [35]  i f  t h e r e  i s  an f  i n  X* such  t h a t
f ( x ^ )  = 1 f o r  a l l  i  .
The d e f i n i t i o n s  we g iv e  h e r e  a r e  chosen  t o  s u i t  o u r  
n ee d s  from among many which  a r e  e q u i v a l e n t .  F o r  c o n d i t i o n s
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on (x^)  e q u i v a l e n t  t o  ( i )  s ee  [ 3 0 ] w h i l e  f o r  c o n d i t i o n s  
e q u i v a l e n t  t o  ( v i )  and ( v i i )  see  [ 3 5 ] -
Some f u n d a m e n ta l  r e s u l t s  c o n c e r n i n g  t h e s e  t y p e s  o f  
h a s e s  w hich  we w i l l  u s e  ( o f t e n  w i t h o u t  s p e c i f i c  r e f e r e n c e )  
a r e  t h e  f o l l o w i n g :  L e t  ( x ^ f ^ )  be  a b a s i s  f o r  X.
(A) (x-^) jLs s h r i n k i n g  i f  and o n l y  i f  ( f ^ )  jLs b o u n d e d ly  
c o m p le te  [ 3 7 ] .
(B) (x^)  _is b o u n d e d ly  co m p le te  i f  and o n l y  i f  X _is _a
c o n j u g a t e  s p a c e  [ 8 , p . 7 0 ] .
( c ) x A®, r e f l e x i v e  i f  and o n ly  i f  (x i )  A® t>oth s h r i n k i n g  
and b o u n d e d ly  c o m p le t e  [ 1 7 ]•
(D) (x^)  i s  _of t y p e  P i f  and o n l y  i f  ( f ^ )  _is o f  t y p e
P* [ 3 5 ] .
(E) (x^)  jLs u n c o n d i t i o n a l  and o f  t y p e  P i f  and  o n l y  i f
(x^)  jLs s i m i l a r  t o  t h e  u n i t  v e c t o r  b a s i s  (e^ )  ^of c D [351 *
(F) (x i ) is^ u n c o n d i t i o n a l  and t h e r e  i s  an f  i n  X su c h
t h a t  i n f  | f ( x ^ ) | > 0  i f  and o n l y  i f  (x^ ) i s  s i m i l a r  t o  t h e. i  i
1u n i t  v e c t o r  b a s i s  (e^ )  b [ 3 ] -
T h ro u g h o u t  t h e  p a p e r  t h e  n o t a t i o n  X = Y w i l l  mean 
X i s  l i n e a r l y  homeomorphic ( I s o m o rp h ic )  t o  Y and 
X c  Y w i l l  mean X i s  i s o m o r p h ic  t o  a c l o s e d  s u b s p a c e  o f  Y.
F i n a l l y ,  B(X,Y) d e n o t e s  t h e  bounded  b i l i n e a r  fo rm s  
on X x Y  and  sd(X,Y) d e n o t e s  t h e  bounded  l i n e a r  o p e r a t o r s
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f ro m  X t o  Y. The seq u en ce  (e^ )  w i l l  a lw ays  d e n o te  t h e  
u s u a l  u n i t  v e c t o r  b a s i s  f o r  one o f  t h e  s p a c e s  c Q o r
(1 < P < +00 ) .
I I . T e n s o r  P r o d u c t s
L e t  X and Y be Banach s p a c e s .  We w i l l  d e n o te
by  X 30_ Y t h e  c o m p le t io n  o f  t h e  a l g e b r a i c  t e n s o r  p r o d u c t  £
X Y in  t h e  norm
|| S x f i y  I)® sup | , l - , f  ( x ^ g ^ ) ! ,
1 -1  f  k l j f  i n X * 1" 1 1 1
| | g | | < , g i n Y *
and we d e n o te  by  X Sl^ Y t h e  c o m p le t io n  o f  X S Y in  t h e  norm
II jLl 1xi®yill = inf :jlixi2yj = ilixi®yi J *
A c ro ssn o rm  a  on a t e n s o r  p r o d u c t  i s  one f o r  which 
a ( x f i y )  = ||>:|| | |y| |  . I t  I s  w e l l  known t h a t  b o t h  e and tt 
a r e  c r o s s n o r m s .
The f o l l o w i n g  r e s u l t s  on t e n s o r  p r o d u c t s  w i l l  be 
u s e d  f r e q u e n t l y *  m ost  o f t e n  w i t h o u t  s p e c i f i c  r e f e r e n c e .
(1) Lf M i_s a c l o s e d  sub sp ace  o f  X and N _is _a c l o s e d  
su b sp a c e  o f  Y, t h e n  M f&£ N _is _a c l o s e d  sub sp ace  o f  
X S€ Y [ 3 3 i P . 3 5 l *  As we have m e n t io n e d  above ,  we w i l l  
d e n o te  t h i s  by M N c X S g Y .
The p r o p o s i t i o n  o b t a i n e d  by  r e p l a c i n g  e b y  tt 
i n  (1)  i s  i n  g e n e r a l  n o t  t r u e  [3 3 * p .5 3 ]*
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(2)  X*Se Y * c  (XSf Y)* [ 3 3 . P . 4 3 ] .
*
(3) The s p a ce  X & Y h a s  a, r e p  r e  s e n t  a t  Ion  as  t h e  space
o f  a l l  c o n t i n u o u s  l i n e a r  maps f rom  X j^o Y which can he
a p p ro x im a te d  i n  o p e r a t o r  norm h y  f i n i t e  d im e n s io n a l  maps 
T33j P . 5 0 ] ,  Hence i f  Y* h a s  a b a s i s  X* J0„ Y* i s  t h e  
s p a ce  o f  a l l  compact maps f rom  X t o  Y [ 3 3 j P •51]•
(*0 The s p a ce  (X Sf Y) h as  a r e p r e s e n t a t i o n  as  t h e  space
o f  a l l  c o n t i n u o u s  l i n e a r  maps f rom  X t o  Y ; i . e .
( X \ Y ) # = ,£(X,Y*) [ 3 3 , P . 4 5 ] .
(5)  The s p a ce  (Xflc Y)* c o n s i s t s  e x a c t l y  o f  t h o s e  v  _in 
B(XjY) t h a t  can be r e p r e s e n t e d  i n  t h e  form
v(w) = f w ( x ' , y < )  d n ( x , Jy I )
SxT
where  S and T a r e  s u i t a b l e  c l o s e d  e q u i c o n t i n u o u s  s u b s e t s
*
o f  Xa and Y^ and where wQ j is  t h e  r e s t r i c t i o n  o f  t h e  
b i l i n e a r  fo rm  w on X* x Y* ^ o  S x T  [ 3 2 ,  p .  1 6 8 ] .
(6)  .!£ X* h a s  a b a s i s  t h e n  (X Y)* = Y* [1 6 ]  .
(7)  (x ±>^±) 1$. i l  b a s i s  f o r  X and ( y ^ g ^ )  . i s  ja
b a s i s  f o r  Y t h e n  t h e  se q u en ce  (x^ fil y ^ ) i n  X ® Y o r d e r e d  
i n  t h e  f o l l o w i n g  f a s h i o n
X1 S y i x i fi y 2 X1 fi y3 •  • *
x 2 a * i X2 fl y 2 X2 a y 3 •  ♦ *
x 3 a y i x 3 fi y 2 X3 y 3 •  •  •
i s  a b a s i s  f o r  b o t h  X y  and X 32  ̂ Y and t h e  s e q u e n c e  
o f  c o e f f i c i e n t  f u n c t i o n a l s  a s s o c i a t e d  w i t h  (x^ S& y^)  i s  
t h e  s e q u e n c e  ( f ^  ® 6 j ) [ 1 3 ] -
We c a l l  t h e  b a s i s  (x^ y^ )  t h e  t e n s o r  p r o d u c t  o f
t h e  b a s e s  (x^) and (y^)* o r  t h e  t e n s o r  p r o d u c t  b a s i s .
The su b s e q u e n c e  (x^ & y^ )  o f  t h e  b a s i s  (x^ ® y j ) 
w i l l  b e  c a l l e d  t h e  t e n s o r  d i a g o n a l  o f  t h e  b a s e s  (x^)  and
I .  THE € -TENSOR PRODUCT
In  t h i s  c h a p t e r  we w i l l  be c o n c e rn e d  m a in ly  w i th  
d e t e r m i n i n g  t h o s e  p r o p e r t i e s  o f  t h e  b a s e s  (x^) and (y^) 
which c a r r y  o v e r  t o  t h e  b a s i s  (x^ & y^)  o r  t o  t h e  t e n s o r  
d i a g o n a l  (x^ 8  y^)  i n  X 8^ Y. We w i l l  a l s o  d e a l  w i t h  
t h e  c o n v e r s e  p ro b le m ,  t h a t  o f  d e t e r m i n i n g  t h o s e  p r o p e r t i e s  
t h e  b a s e s  (x^) and (y^) must have as sum ing  t h a t  (xi & y j )  o r  
( x ^ 8 y ^ )  i n  X 8£ Y h a s  a g iv e n  p r o p e r t y .
We b e g in  w i t h  s e v e r a l  lemmas w hich  w i l l  be u se d  
f r e q u e n t l y  t h r o u g h o u t  t h e  p a p e r .  The p r o o f s  a r e  s im p le  and 
w i l l  be  o m i t t e d .
Lemma 1 .1 !  L e t  (x^ 8  y^)  be  _a t e n s o r  p r o d u c t  b a s i s  f o r
X 8„ Y where  a  i s  any c ro s s n o rm  on X 8  Y. Then 
(x^ 8 y*j_) iji s i m i l a r  t o  (x^)  and (x-^ 8  y i ) Ls s i m i l a r  
t o  (yi ) .
Lemma 1 . 2 :  L e t  (x1 , f i ) be a s h r i n k i n g  b a s i s  f o r  X. Then
any su b se q u en c e  (x„ ) i s  s h r i n k i n g .
i
Lemma 1 . 3 :  L e t  (x^)  be a b o u n d e d ly  co m p le te  b a s i s  f o r  X.
Then any  sub se q u en ce  (x ) _is b o u n d e d ly  c o m p l e t e .
i
Our f i r s t  th e o re m  i s  a conseq u en ce  o f  G r o t h e n d i e c k 1s 
c h a r a c t e r i z a t i o n  o f  (X'®€ Y) i n  t h e  c a s e  where X has  a
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b a s i s  ( s e e  I n t r o d u c t i o n ) .
Theorem 1 . 4 :  L e t  (x ^)  and (y^)  b a s e s  f o r  X and Y
r e s p e c t i v e l y . Then t h e  t e n s o r  p r o d u c t  b a s i s  (x^ fit y^)  f o r  
X Y ^ s  s h r i n k i n g  i f  and o n l y  i f  (x^) and (y^)  a r e  
s h r i n k i n g  b a s e s .
P r o o f : I f  (x^ fit y j )  i s  s h r i n k i n g  t h e n  each  o f  (x^ fit y-^)
and (x-l fit y^)  i s  s h r i n k i n g  by  Lemma 1 . 2 .  I t  f o l l o w s  from
Lemma 1 . 1  t h a t  (x1 ) and (y^) a r e  s h r i n k i n g .
I f  and (y-L^gi) a r e  Tooth s h r i n k i n g  th e n  by
d e f i n i t i o n  ( f^ )  i s  a b a s i s  f o r  X and (gi ) i s  a  b a s i s  
f o r  Y . S in ce  ( f ^  ® g j )  i s  sequence  o f  c o e f f i c i e n t
f u n c t i o n a l s  a s s o c i a t e d  w i th  t h e  b a s i s  (x^ fit y^ )  and 
( f ^  fit g j )  i s  a b a s i s  f o r  X* 8,^ Y* = (Xf i ^Y)* ,  by  d e f i n i t i o n  
( x ^ S y j )  i s  s h r i n k i n g .
I t  f o l l o w s  f rom  Theorem 1 .4  and Lemma 1 . 2  t h a t  i f
(x^) and (y^)  a r e  s h r i n k i n g  b a s e s  f o r  X and Y t h e n  t h e
d i a g o n a l  (x^ ® y^ )  I s  s h r i n k i n g  i n  X ®6 Y. The n e x t  th eo rem  
shows t h a t  t h e  same r e s u l t  i s  t r u e  assum ing  o n ly  t h a t  one 
o f  (x^)  and  (y.^) I s  s h r i n k i n g .  I t  i s  a l s o  o u r  f i r s t  example 
( o t h e r s  w i l l  be seen  l a t e r )  o f  how s t r o n g l y  some p r o p e r t i e s  
o f  b a s e s  c a r r y  o v e r  t o  t h e  t e n s o r  d i a g o n a l .
Theorem 1 . 5 :  L e t  (x1 , f i ) be  _a s h r i n k i n g  b a s i s  f o r  X 
and ( y £ ,g ^ )  . a b a s i s  f o r  Y. Then t h e  t e n s o r  d i a g o n a l  in
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X Y j ls  s h r i n k i n g .
P r o o f : L e t  (zn ) = ( 2 b^ x j ® y j )  be a bounded  sequence
i n  [ x ^ S y ^ ]  w i t h  t h e  p r o p e r t y  t h a t  f k ® ® k ( zn)  f o r
(n ) nk  = 1 , 2 , ............  T h a t  i s ,  b k ■+ 0 f o r  k = 1 , 2 , ..................By
. . *
v i r t u e  o f  t h e  c h a r a c t e r i z a t i o n  o f  (XS&e Y) g iv e n  in  t h e  
I n t r o d u c t i o n  and t h e  f a c t  t h a t  a seq u en ce  c o n v e rg e s  w eak ly  
i n  a su b sp a c e  o f  a Banach space  i f  and o n ly  i f  i t  i s  w eak ly  
c o n v e r g e n t ,  we n e e d  o n ly  show t h a t
J ( j ! l b J f i y j )  ( x 1 , y ' ) d y ( x '  ,y» ) 0
SxT
# M-
f o r  S and T e q u i c o n t i n u o u s  s u b s e t s  o f  X^ and Y^ t o  
show t h a t  (x^ SJ y i ) i s  s h r i n k i n g  [ 3 0 ] .
S in c e  S x T  i s  a compact m e t r i c  sp ace  [ 3 2 , p . 8 7 ] and
z i s  in  C ( S x T )  f o r  e a c h  n [ 3 2 , p . l 6 8 ] ~ i t  i s  s u f f i c i e n t  t o
»  (n)show t h a t  x j  18 Yj ( x 1 8 y ' )  goes  t o  z e r o  w i th  n f o r
each  ( x ' , y ' )  i n  S x T ,  by  t h e  w e l l  known c h a r a c t e r i z a t i o n  o f
weak c o n v e rg e n ce  i n  C ( S x T )  [ 1 0 , p . 2 6 5 ] .
To do t h i s ,  f i x  x 1 in  S and y 1 i n  T. Then 
fn 1 ( n )
j ! i b j  x j  (x ' ® y )  y ( y j ) x j ) *  Now
( n ) [ n )
f k ( 2  b j  y ' ( y j ) x j ) = b k y l (yk^ * 0 f o r  k = l , 2 , . . .
s i n c e  (yk ) i s  a bounded s e t  and we have seen  t h a t  
/ \
b k ^ 0 .  T h e r e f o r e  s i n c e  (x^) i s  s h r i n k i n g  and  t h e  s e t  
00 ( n ) ,
[ j ^ b j  y ' ( y j ) X j ]  i s  bounded  in  X i t  f o l l o w s  t h a t  t h e  
■ w ( n )
sequence  y 1 ( y j ) x j )  co n v e rg e s  w eak ly  t o  z e ro  i n  X
11
( n ) n
[ 3 0 ] .  In p a r t i c u l a r  x ' ( 2 l3j an(* a s  we ^ ave
n o t e d  above t h i s  i m p l i e s  (x^ fl y^ )  i s  s h r i n k i n g .
Remark 1 .6 :  The co n v e rse  o f  Theorem 1 . 5  i s  f a l s e ,  even
when x^ = y^ f o r  a l l  i  ( s e e  Remark 3 - 2 9 ) .
S imple examples  show t h a t  t h e  t e n s o r  d i a g o n a l  (and
hen ce  t h e  t e n s o r  p r o d u c t )  o f  b o u n d e d ly  c o m p le te  b a s e s  n e e d
n o t  be b o u n d ed ly  com ple te  i n  X fl£ y (Theorem 3*5)* However, 
i n  c e r t a i n  s p e c i a l  c a s e s  t h i s  r e s u l t  i s  t r u e .
P r o p o s i t i o n  1 . 7 :  L e t  (x^) be  _a b a s i s  f o r  _a r e f l e x i v e
sp a c e  X and l e t  (y^) be a b o u n d e d ly  c o m p le te  b a s i c  s e q u en c e  
i n  K, ^ . Then t h e  t e n s o r  d i a g o n a l  (x^ fl y ^ ) Xfl£ [ y ^ ] 
i s  bou n d ed ly  c o m p l e t e .
P r o o f : Suppose sup | |  J ^ a ^ x ^ S y ^ | |  < +0° • Then
sup sup || 2 a j f  (Xj )y^ || < +00 (by d e f i n i t i o n  o f  t h e
n | | f | ] < l  1 x 1
feX*
00
e - t o p o l o g y ) ,  im p ly in g  t h a t  ^ ^ ^ a ^ f ( x ^ ) y ^  c o n v e rg e s  f o r  each  
f  i n  X . By t h e  B a n a c h -S te in h a u s  th e o re m  t h e  l i n e a r  
mapping T:X* -► [ y j_] c  -t1 d e f i n e d  by T ( f )  = ±? 1a 1f  (x^Jy^^ i s  
c o n t in u o u s  and t h e r e f o r e  com pact  s in c e  X i s  r e f l e x i v e  
[ 1 0 ,p ,5 1 5 ] *  But t h e n  t h e  s e t  ( S a ^ f ( x ^  )y i | f  e X * , | | f | |  < 1 )
00
i s  r e l a t i v e l y  compact in  [y ^ ]  and  so ^ S ^ a^ fx ^ Jy ^ ^  c o n v e rg e s
u n i f o r m l y  o v e r  | j f | |  < 1 [ 2 1 , p .  1 2 ] .  I t  now f o l lo w s  b y
00
d e f i n i t i o n  o f  t h e  e -norm  t h a t  E.a^Xj f ly .  co n v e rg e s  i n1=1 x i  x
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X ®e [ y^ ]  and (x ^ fi y^) i s  b o u n d ed ly  c o m p le te .
Combining Theorem 1 . 5  and P r o p o s i t i o n  1 .6  we have
C o r o l l a r y  1 .8 :  L e t  (x^)  be  a b a s i s  f o r  a r e f l e x i v e  sp ace
^  an(* l e t  (y i ) be  a b o u n d e d ly  c o m p le te  b a s i c  sequence  in  
.fc1 . Then [ x 1 f& y^]  i n  X [y^]  jLs r e f l e x i v e  .
Theorem 1 .9 :  L e t  (x^) be  a b a s i s  f o r  X and (y^) a
b a s i s  f o r  Y. Then t h e  b a s i s  ( x ^ & y ^ )  f o r  x Y i s  o f
t y p e  wcQ j l f  and o n l y  i f  e a c h  o f  (x^) and (y^)  _is, o f
ty p e  wcQ.
P r o o f : The p r o o f  o f  t h e  f i r s t  i m p l i c a t i o n  f o l l o w s
im m e d ia te ly  f rom Lemma 1 . 1 ,
The p r o o f  o f  t h e  se cond  i s i m i l a r  t o  t h a t  o f  Theorem
1 . 5 .
L e t  g be  i n  (X fi£ Y)*.  Then g(w) -
I w0 (x ' * y ' )  d u f x ' ^ y ' )  where S and T a r e  e q u i c o n t i n u o u s  
* SxT
s u b s e t s  o f  X and Y and w i s  t h e  r e s t r i c t i o n  o f  t h ea cr o
b i l i n e a r  fo rm  w on X x Y  t o  S x T  ( r e c a l l  t h a t  e v e ry
w in  X S Y can be v iewed a s  a b i l i n e a r  form on X x Y ) .  
A ga in ,  S x T  i s  a m e t r i c  sp ace  so s i n c e  x^ y ^ x S y ' )  = 
x ^ ( x 1 ) y ^ ( y 1 ) f o r  a l l  ( x ' , y ' )  in  S x T  and s i n c e  by
4 4
a s su m p t io n  x ^ f x 1) -* 0 and y ^ y ' )  ■* 0  , we have  (x i ® y ^ )
( a s  a sequence  i n  C( SxT) )  c o n v e rg e s  t o  z e ro  a t  e a ch  p o i n t  
i n  S x T  and hence  c o n v e rg e s  w eak ly  t o  z e ro  i n  C ( S x T ) .
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T h e r e f o r e  g (x .  fi y . )  = J x ,  f i y . f x S y 1) d n ( x ' , y r ) =
1 d ■'SXT i  j
| i ( x 1 fl y - j ) -♦ 0 ,  s i n c e  |i i s  i n  C ( S x T )  j and (xi ® y j )  i s  o f  
t y p e  wc^.
An i n s p e c t i o n  o f  t h e  p r o o f  o f  Theorem 1 . 9  e s t a b l i s h e s  
t h e  f o l l o w i n g  r e s u l t  which  s h o u ld  be*compared w i t h  Theorem
1 . 5 .
Theorem 1 .1 0 :  L e t  (x^) be  _a b a s i s  o f  t y p e  wcQ f o r  X
and l e t  (y^)  any b a s i s  f o r  Y. Then t h e  t e n s o r
d i a g o n a l  C * ! ® ^ )  x ®6 Y i s  o f  ty p e  wc^.
A r e s u l t  which  we w i l l  u s e  l a t e r  and w hich  i s  a 
co n seq u en c e  o f  Theorem 1 . 9  and Lemmas 1 .1  and 1 . 2  i s
C o r o l l a r y  1 .1 1 :  L e t  (x^) and (y^) be b a s e s  o f  t y p e  wcQ 
f o r  X and Y and suppose  e i t h e r  (x^) o r  (y^) _is n o t  
s h r i n k i n g . Then ( x ^ S y j )  i s  a non- s h r i n k i n g  b a s i s  o f  
t y p e  wcQ f o r  X Y .
C o r o l l a r y  1 .1 2 :  L e t  (x^) and (y^)  be b a s e s  f o r  X and Y
r e s p e c t i v e l y . Then (x^ ® y^ )  _is o f  ty p e  swcQ i n  X ®6 Y
i f  and o n l y  i f  (x i ) o r  (y^)  i s  o f  t y p e  s w c q .
P r o o f : Suppose (xn ) ^  0 .  By Theorem 1 .1 0  (xn & yn 0
i n  [ x n ^] ®€ [y n 1 «= X ®e y .  Hence (x1 ® y i ) i s  o f  t y p e  swcQ.
-  Suppose (x ®. y  ) 5  0 i n  X I  Y, I f  (y ) t^> 0
" i  ' P± . . . . G n i
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t h e r e  i s  an f  i n  Y and a subsequence  (y ) o f  (y )o mk n^
su ch  t h a t  l f 0 (yin ) I — 1 ^o r  k  = •• • • S in c e
(xm & y„ ) ^  0 ,  f f l f  (x„ 8 y_ } % 0 f o r  e v e r y  f  in  X*
mk mk °  mk mk
and so | f ( x m )|l f 0 (ym ^  * °* Xt f o l l o w s  t h a t  l f (xm ) l ^ °  k k  k
f o r  e a ch  f  i n  X and (x^) i s  o f  ty p e  swcQ.
Remark 1 .1 3 :  The c o n v e r s e  o f  Theorem 1 .1 0  i s  f a l s e .  In
C h a p te r  IV we w i l l  g iv e  an example o f  b a s e s  (x^ )  and (y^)  
f o r  C [ 0 j l ]  n e i t h e r  o f  which  i s  o f  t y p e  w c ^ b u t  whose
d i a g o n a l  (xi S y i ) i n  C [0 ,1 ]  &e C [0 ,1 ]  i s  s i m i l a r  t o  t h e
u n i t  v e c t o r  b a s i s  o f  c Q.
I n  v iew  o f  t h i s  s i t u a t i o n  t h e  n e x t  p r o p o s i t i o n  i s  
i n t e r e s t i n g .
P r o p o s i t i o n  1 ,1 4 :  L e t  (x^)  be _a b a s i s  f o r  X. Then (x^) _is
o f  t y p e  wcQ jUF and o n l y  i f  t h e  t e n s o r  d i a g o n a l  (x^ fi x^ V'^ih.
x  t y p e  wcQ.
P r o o f : The f i r s t  i m p l i c a t i o n  f o l l o w s  im m e d ia te ly  from
""Theorem 1 . 1 0 .
L e t  f  be an e le m e n t  o f  X * . Then f  8  f  i s  i n
(X®€ X)* and f f i f ^ f i x ^  =: [ f  (x± ) ] 2 . S i n c e  ( x ^ x ^ ^  0
p
we have [ f ( x ^ ) ]  -*■ 0 and (x i ) i s  o f  ty p e  wcQ.
Combining Theorem 1 .1 0  and P r o p o s i t i o n  1 .1 4  we hav e  
t h e  f o l l o w i n g  th e o re m .
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Theorem 1 .1 5 :  A b a s i s  (x^) f o r  X JLs o f  t y p e  wcQ _if and
o n ly  I f  f o r  e v e r y  b a s i s  (y^) f o r  Y (x^ y^)  In  X Y JLs
o f  t y p e  wcQ.
Gelbaum an d 'd e L a m a d r ld  have shown t h a t  t h e  t e n s o r
p r o d u c t  (x^fi ly^)  o f  u n c o n d i t i o n a l  b a s e s  (x^) and (y^) n e e d
n o t  be  u n c o n d i t i o n a l  in. e i t h e r  X £1 Y o r  in  XfiL.Y [13]*
e  tt
In  c o n t r a s t  t o  t h i s  r e s u l t  -we w i l l  show t h a t  t h e  t e n s o r  
d i a g o n a l  o f  an u n c o n d i t i o n a l  b a s i s  and any b a s i s  i s  a lways 
u n c o n d i t i o n a l .  We need  t h e  f o l l o w i n g  lemma.
Lemma 1 . 1 6 :  L e t  ( x ^ ) be ain u n c o n d i t i o n a l  b a s i s  f o r  X 
and (b^)  a. sequence  such  t h a t  f o r  any i ,  = 0 o r
b i  = l .  Then f o r  any x* _in X* t h e  l i n e a r  f u n c t i o n a l  f
00 00 
d e f i n e d  by  f (i ^-Lai ;x:i^  = x * (i - i b i a i x i^  i s  bounded  (and
hence  i n  X*) . Moreover  || f  )| < K | | x * | |  where K _is g iv e n  
by  t h e  u n c o n d i t i o n a l  fo rm  o f  t h e  K- c o n d i t i o n  on t h e  b a s i s
(2 4 ) .
P r o o f : S in ce  (x^)  i s  u n c o n d i t i o n a l  f  i s  w e l l  d e f i n e d
[ 2 4 ] ,  and c l e a r l y  i t  i s  l i n e a r .
F o r  any n , | | f  = || ** (  || <
II ** | |  II = II x* | |  || E a i x i | |  where crn i s  t h e
ffn
s u b s e t  o f  [ 1 , 2 , .  . . , n )  f o r  which  b^  = 1 .  By t h e  
K - c o n d i t i o n ,  || ■ E a^x.JI < K || ^S^a^oc^|| . Hence | | f | |  <K | | x # |l .
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Theorem. 1 .1 7 :  L e t  (x^) be  an u n c o n d i t i o n a l  b a s i s  ‘f o r -.- X ,
and (y^V any b a s i s  f o r  Y. Then t h e  t e n s o r  d i a g o n a l  
' (x^ f i y i ) jLs u n c o n d i t i o n a l  i n  X 0 g Y.
00
P r o o f : Suppose 151 ai x i  ^  c o n v e rg e s  i n  X Y and  (bi )
i s  any  sequence  such  t h a t  f o r  each  i  b^  = 0 o r  b^  = l .
Then g iv e n  6 > 0 t h e r e  i s  an N such  t h a t  i f  
m,n > N th e n  a = sup || | =ma 1x * ( x 1 ) y 1 || < £
(where K i s  g iv e n  by t h e  K - c o n d i t i o n  on t h e  b a s i s  ( x ^ ) ) .
F o r  | |x * | |  < 1 d e f i n e  f  a s  i n  Lemma 1 . 1 6 .  S in ce  we showed
in  t h e  lemma t h a t  ,|| ^ - f  | | < l  and t h i s  i s  t r u e  f o r  a r b i t r a r y
K
*
IIX*II < 1, we have  sup || S3 a , ( - | f  (x1 ) ) y 1 || < . T ha t
11**11 <1
i s ,  sup l l | _ T1f i b i x * ( x i ) y i || < 6 ,  and J L a - j b . ^  8 y ± 
l | x * | | < l  l m
c o n v e r g e s .  T h e r e f o r e  -̂s an u n c o n d i t i o n a l  b a s i c
seq u en ce  in  X J0£ Y [ 2 4 ] .
The c o n v e r s e  o f  Theorem 1 .1 7  i s  f a l s e ,  a s  i s  shown 
by  t h e  f o l l o w i n g  exam ple .
Example 1 .1 8 :  L e t  (x^) d e n o t e  t h e  c o n d i t i o n a l  b a s i s  f o r
TI  d e f i n e d  by  x 1 = e ^  x n = - e n + f o r  n = 2 ,3*  *• •
Then t h e  t e n s o r  d i a g o n a l  (x^ 8 x^ )  jLn <(.**" <&"** jLs s i m i l a r
1"t o  t h e  u n i t  v e c t o r  b a s i s  ( e^)  o f  <6 ....
P r o o f : Suppose ^S^a^x^ fil x^  i s  in  t  . Then
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n
sup I' jf̂ ±x ± ® x j_l! e M* From t h e  d e f i n i t i o n  o f  the
e - to p o lo g y  i t  f o l lo w s  t h a t  sup l| a., f  (x,. ) x H \\ < M f o r
H f i i < i  1- 1n 1
a l l  n ,  That I s ,  s j ip j l  ai f  (x l ) e i  + ;ij2ai f  (x i.) (e i - l " e ±) II =
1 r if <pi ('aif(xi )+a2f(xs5' +jjyai+if(xi+i> - aif(xi)i +
I V ( x n ) |  J < M.
L et  f  I n  "be d e f i n e d  by f  = ( 1 , 1 , 0 , 0 , 1 , 1 * 0 , 0 , 1 ,  1, . . . ) .
One e a s i l y  checks  t h a t  | f ( x . , ) | = <  ^  1 i S  ° dd >
1 U> i f  1 I s  e v e n j  .
Hence s i n c e  | | f | |  -  1 we have E | a ^ |  < M (where c-j_ i s
° 1
t h e  s u b s e t  o f  { 1 , 2 , . . . , n )  c o n s i s t i n g  o f  odd i n t e g e r s ) .
S i m i l a r l y ,  d e f i n i n g  g i n  4°° b y  g  = ( 0 , 1 , 1 , 0 , 0 , 1 , 1 ,  . . . )  we
1 i f  i  I s  everTl 
see  | g ( x  ) |  = /  \  , so a g a i n  E | a . | < M
1 [0  i f  i  i s  o d d j  a 2
(where i s  t h e  s e t  o f  even i n t e g e r s  i n  f l , 2 , . . .  , n ) ) .
S ince  t h e s e  r e s u l t s  a r e  i n d e p e n d e n t  o f  n , we th e n  have
S j a ,  | < 2M and i t  f o l l o w s  t h a t  (x., fi x , ) I n ^ S  l?~ I s  1=1 j - —  X X fc
s i m i l a r  t o  ( e i ) In  -t1 .
As we have m e n t io n e d ,  t h e  t e n s o r  p r o d u c t  o f  
u n c o n d i t i o n a l  b a s e s  n e e d  n o t  be u n c o n d i t i o n a l .  However in  
s p e c i a l  c a s e s  t h e  t e n s o r  p r o d u c t  i s  always u n c o n d i t i o n a l .
P r o p o s i t i o n  1 .1 9 :  L e t  (x^) bje an u n c o n d i t i o n a l  b a s i s  f o r
X and ( e ^ )  t h e  u n i t  v e c t o r  b a s i s  f o r  c Q. Then t h e
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t e n s o r  p r o d u c t  b a s i s  ( x ^ S e ^ )  i s  u n c o n d i t i o n a l  in  Xfie c Q.
P r o o f : Suppose 2 a U x i ® e j  co n v e rg e s  i n  Xfie c Q. Then
g iv e n  6 > 0  t h e r e  i s  a p a i r  ( i 0 j J 0 ) such  t h a t  f o r
( i l i J l )  > ( l n  'the t e n s o r  p r o d u c t  o r d e r i n g  o f  t h e s e
p a i r s )  || ^ 2   ̂  ̂ a ^ j X ^ f l e j U  < (where K i s  g iv e n  by  t h e
K - c o n d i t i o n  f o r  ( x ^ ) ) .
By d e f i n i t i o n  o f  t h e  e -norm  we h a v e ,  g ro u p in g  
t o g e t h e r  t h o s e  t e n s o r s  a j j x j _®ej  h a v in g  t h e  same j  i n d e x ,
sup || 2 (2 a , f  (x± ))  e ,  || < - |
| | f | | < l  J i  J K
T h a t  i s ,  sup || 2 a^jX^H < • Now i f  (b^ j)  i s  a 0 , 1
seq u en ce  t h e n  in  e x a c t l y  t h e  same way || 2 . b .  . a ,  . x .S e  , | |  =
H l bijaijxiH-£ KH I auxill < K,l  = 6- and (xi fled)
i s  u n c o n d i t i o n a l .
C o r o l l a r y  1 .2 0 :  L e t  X lae _a Banach s p a ce  w i t h  an
u n c o n d i t i o n a l  b a s i s  (x^)  . Then X c Q = c 0 _if and o n ly  i f  
X -  c Q.
P r o o f :  I f  X c„ = c^ t h e n  s i n c e  (x4 f i e 4) i s  an---------  e o o '  i  j /
u n c o n d i t i o n a l  b a s i s  f o r  X c„  we have X = [ x 4 S e n ] i se o L i  -L
com plemented  i n  cQ. S in c e  e v e r y  complemented s u b sp a c e  o f
c Q i s  i s o m o rp h ic  t o  c Q [ 2 5 ] ,  X = c Q .
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C o n v e r s e ly ,  c Q fle c Q = c Q by a r e s u l t  o f  
G ro t h e n d ie c k  [ 1 5 , p , 9 0 ] ,
We have u s e d  r e p e a t e d l y  t h e  th e o re m  o f  Gelbaum and 
de Lamadrld  t h a t  i f  (x i ) and (y^) a r e  b a s e s  f o r  X and Y
t h e n  (x i ® y j )  iB a "basis f ° r  X Y and f o r  Xfif Y, I f
( x ^  and (yi ) a r e  o n ly  assumed t o  be b a s i c  s e q u e n c e s  i n  X 
and Y i t  i s  n a t u r a l  t o  a s k  w h e th e r  ( x^Si y^ )  i s  b a s i c  in  
XflLY and Xfc^Y.€ 7T
In  t h e  c a s e  X Y t h e  q u e s t i o n  i s  e a s i l y  answered  
s i n c e  ) i B  a b a s i s  f o r  [ x ^ ] ,  (y^)  i s  a b a s i s  f o r  [ y ^ ] ,
and  so  (x.^SSyj) i s  a b a s i s  f o r  [ * i ]  [ y ^ l *  a c l o s e d
su b sp a ce  o f  Xfi&€ Y.
In  c o n n e c t i o n  w i t h  t h i s  i d e a  t h e  n e x t  p r o p o s i t i o n  
i s  o f  i n t e r e s t .
P r o p o s i t i o n  1 .2 1 :  L e t  (x.^) be  ja b a s i c  s e q u en ce  i n  X and
l e t  (y± ) b_e any seq u en ce  o f  non- z e r o  e l e m e n t s  o f  Y. Then 
t h e  sequence  (x^ fi y^ )  i n  X Y j_s a b a s i c  se q u en ce  such 
t h a t  t h e  K c o r r e s p o n d i n g  t o  i t  f rom  t h e  K-co n d i t io n -  i s  t h e  
same a s  t h a t  o f  (x .
P r o o f : L e t  g be  i n  Y* and | |g j |  <_ 1 .  Then
H1| 1a 1g ( y 1 ) x 1 j| < K H ^ j a^ g ( y ^ ) x i || < K sup | ^ a 1g ( y 1 ) x ± || =
II s l l ^ i
n+p n n+p
K l ' i S i a i y i  x iH * Hence ll1 i i a i y i  ®x i l l  < K I l i E i ^ y i ®  x ± || and
t h e  p r o p o s i t i o n  i s  p r o v e d .
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I f  (x^)  i s  a monotone b a s i s  f o r  X, t h e n  t h e  K o f  
P r o p o s i t i o n  1 .2 1  i s  1 and we have
C o r o l l a r y  1 .2 2 :  L e t  (x^)  be £i monotone b a s i s  f o r  X and
C^i) 3. t>asis  f o r  Y . Then t h e  t e n s o r  d i a g o n a l  (x^ & y ^ ) jLs 
monotone in  X ^ Y ,
In  c o n t r a s t  t o  C o r o l l a r y  1 .2 2  we show t h a t  t h e
t e n s o r  p r o d u c t  o f  monotone b a s e s  need  n o t  be  m onotone .
R e c a l l  t h a t  i f  M and N a r e  compact m e t r i c  s p a c e s
th e n  C(M) fi C(N) = C(MxN) and || 2 z . w., || = sup | 2 z . ( s  )w.(t)|e 1=1 i  l  1=1  l  i
[ 4 ] .
Example 1 .2 3 :  L e t  (0^) d e n o te  t h e  u s u a l  S ch a u d e r  b a s i s  f o r
C [ 0 , 1 ] .  One v e r i f i e s  e a s i l y  t h a t  || 0Q a  0 Q + 0 Q 0^ + 0-̂  & 0-̂ \ =3 
w h i le  || 0 O®0O + 0 o ®0j  + 0 ^ 8  01 -  0-l ®0 o \\ = 2.  Fence 
( 0^&0j )  i s  n o t  monotone ( a l t h o u g h  (0^) i s  m o n o to n e ) .
The p r o o f  o f  t h e  n e x t  p r o p o s i t i o n  makes u se  o f  t h e  
same i d e a s  a s  t h a t  o f  P r o p o s i t i o n  1 .1 9  and w i l l  be o m i t t e d .
The p r o p o s i t i o n  i t s e l f  s h o u ld  be  compared w i t h  P r o p o s i t i o n
1 .1 9 .
P r o p o s i t i o n  1 .2 4 :  L e t  (x i ) be _a monotone b a s i s  f o r  X
and ( e^ )  t h e  u n i t  v e c t o r  b a s i s  f o r  c Q. Then t h e  b a s i s  
( x ^ f l e j )  f o r  X cq i s  m o n o to n e . '—
Remark 1 .2g: J o i n e r  has  shown, i n  a more g e n e r a l  c o n t e x t
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t h a n  Banach s p a c e s ,  t h a t  i f  (x^) and (y^) a r e  b o t h  o f  t y p e
P ( t y p e  P ) th e n  ( x ^ f l y j )  i s  o f  t y p e  P ( ty p e  P ) in
*
X Y [ 1 8 ] .  S in c e  e v e ry  su b se q u en ce  o f  a t y p e  P b a s i s  i s  
o f  t y p e  P i t  f o l l o w s  t h a t  t h e  t e n s o r  d i a g o n a l  o f  t y p e  P 
b a s e s  i s  o f  t y p e  P . However t h i s  i s  i n  g e n e r a l  n o t  t h e  c a s e  
f o r  b a s e s  o f  t y p e  P.
In  f a c t ,  i f  (x^) i s  t h e  b a s i s  o f  t y p e  P f o r  C [0 ,1 ]
c o n s t r u c t e d  by  S i n g e r  and F o i a s  [1 1 ]  th e n  x^ = 6 ^ ^ ,  where
6^ = + 1 and (0^) i s  t h e  u s u a l  S ch au d e r  b a s i s  f o r  C [ 0 , 1 ] .
We s h a l l  show i n  C h a p te r  IV t h a t  (and hence
2( x ^ S x ^ ) )  i s  s i m i l a r  t o  t h e  b a s i s  (0̂ _) i n  C [0 ,1 ]  and t h i s  
l a s t  i s  n o t  o f  t y p e  P.
I I .  THE tt-TENSOR PRODUCT
T h i s  c h a p t e r  w i l l  he c o n c e r n e d  w i t h  t h e  same g e n e r a l  
s u b j e c t  m a t t e r  a s  C h a p te r  I  e x c e p t  t h a t  h e r e  we w i l l  
c o n s i d e r  t h e  i r - to p o lo g y  r a t h e r  t h a n  t h e  e - t o p o l o g y .  A 
number o f  t h e  th eo rem s  p r o v e d  i n  C h a p te r  I  f o r  t h e  sp a ce  
X-S Y have a n a lo g u e s  i n  t h e  s p a c e  XtfSY. However, t h e r e6 7T
i s  i n  g e n e r a l  a s t r o n g  c o n t r a s t  i n  t h e  r e s u l t s  o b t a i n e d  in  
t h e s e  two t o p o l o g i e s .
Our f i r s t  r e s u l t  i s  a conseq u en ce  o f  Theorem 1 . 4 ,
Theorem 2 .1 :  L e t  (x.^) and (y^) b e  b a s e s  f o r  X and Y
r e s p e c t i v e l y . Then t h e  t e n s o r  p r o d u c t  b a s i s  (x^ S> y j ) f o r  
X Y _is b o u n d ed ly  c o m p le te  i f  and  o n ly  i f  (x^)  and (y^)  
a r e  b o u n d ed ly  c o m p l e t e .
P r o o f . The f i r s t  i m p l i c a t i o n  i s  o b v io u s  f rom  Lemmas 1 . 1  
and 1 . 3 .
I f  (^ i , f i ) and ( y ^ g . ^  a r e  b o t h  b o u n d e d ly  co m p le te  
t h e n  each  o f  ( f ^ )  and (g^ )  a r e  s h r i n k i n g  b a s i c  se q u en ce s  
In  X and Y r e s p e c t i v e l y .  By Theorem 1 .4  
a s h r i n k i n g - b a s i s  f o r  [ f j_ ] f i e [ g ^ ] j  a c l o s e d  su b sp a ce  o f  
(X Y) . Hence (x^Sty-y  ^ S g j )  i s  b o u n d e d ly  c o m p le t e .
S im ple  exam ples  show t h a t  b o t h  (x1 ) and (y^) may be
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o f  t y p e  wcQ and y e t  ( x ^ S y ^ )  (hence  c e r t a i n l y  (xi S y j ) )  
may n o t  be  o f  t y p e  wcQ i n  X S ^ Y .  ( C o r o l l a r y  3 . 8 ) ) .  Thus 
Theorems 1 . 9  and 1 .1 0  have no a n a lo g u e s  i n  t h e  c a s e  
Xfl^Y . However t h e  f o l l o w i n g  p r o p o s i t i o n  f o l l o w s  im m ed ia te ly  
f rom Theorem 1 . 9 .
P r o p o s i t i o n  2 .2 :  L e t  ( x ^ f ^ )  and ( y ^ g ^ )  be b a s e s  o f
t y p e  (wcQ)* f o r  X and Y r e s p e c t i v e l y . Then t h e  b a s i s  
( x j^ S y j )  f o r  X fl^Y  i s  o f  t y p e  (wcQ) * .
Theorem 2 . 3 :  L e t  (x^)  be  an u n c o n d i t i o n a l  b a s i s  f o r  X
and (y± ) any  b a s i s  f o r  Y. Then t h e  t e n s o r  d i a g o n a l  
( x ^ f l y ^ )  "i s  u n c o n d i t i o n a l  i n  X ^ Y .
0̂0
P r o o f : Suppose  ^2 a ^ ^  & y^  c o n v e rg e s  i n  Xfi^Y and (b^)
i s  any se q u en ce  f o r  which  b^ = 0 o r  b^ = 1 f o r  e a c h  i .  
Given 8 > 0 t h e r e  i s  an N such  t h a t  i f  m,n > N t h e n
[1^2 a - j ^  8 y.JI  r  \ ( w h e r e  K i s  g iv e n  by  t h e  K - c o n d i t i o n
on ( x ^ ) ) .  By d e f i n i t i o n  o f  t h e  ir-norm t h e r e  i s  t h e n  a 
r e p r e s e n t a t i o n  Jc ^ a^ x ^  8 y^  = ^ J ^ z ^ S w ^  f o r  which
s  II Zk  II | |wk  II < £  w i t h  Zk = E o^k ) Xj and wfc = E y4 -
n q W A k )  „ ,
Hence i 5ma i x i  ® Yi “  * x j  and
u n iq u e n e s s  o f  r e p r e s e n t a t i o n  o f  e l e m e n t s  i n  X fl^Y  i n
q z^)
t e rm s  o f  t h e  b a s i s  ( x ^ 8 y j )  we have a^ -  2 c^  d^ '  f o r
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i  = m , . . . n ,  and 2 c \  = 0 f o r  a l l  j  ^ -t and f o r
k= l  J ^
j  = <t w h en e v e r  j < m  o r  j > n .
(k) -
S e t  z 1 = S b , c  x ,  f o r  K = 1 , 2 , . . . q .  Then
k J J d J
i n
Then I I  z k l l  < K | |zk | | ,  and we c l a i m  t h a t  E^b^a^x^^ S y i  =
q » q , q (k) (k) „ .
kl i zk 8 wfc- In f a o t ' k5 i zk 8 wk =kS i [ ^ V j  ai  x j S y t ] -
q (k) (k)  . /
But by t h e  p r e c e e d i n g  r e s u l t s  2 t>jc j  ^  = 0 " o r  3 r  I
q (k) (k)
o r  f o r  j  = <t w i th  J <m o r  j  > n ,  d J =
n q }-
f o r  m < j < n .  Hence £ Id̂  a ,  a  y ,  = 2 z. a  w. , so
— “  i=m 1 1  1 k = l  K K
i ^ l ^ i V i  S y i l l J M  zk^ l ^ k ^  K ” |  = 6 and i a i b i x i f i y i
conve rges  i n  XfS^Y. I t  f o l l o w s  t h a t  ( x ^ S y ^ )  i s  
u n c o n d i t i o n a l .
Again* t h e  c o n v e r s e  o f  Theorem 2 .3  i s  f a l s e .
Example 2 . 4 :  Le t  (x^ )  be t h e  c o n d i t i o n a l  b a s i s  f o r  -t1
d e f in e d  b y  x-  ̂ = e-]_, x n = en _1 -  en f o r  n = 2 , 3 * • • •
1 XThen t h e  t e n s o r  d i a g o n a l  (x^ S x ^ )  jLn I  3-S s i m i l a r
t o  (e^) jLn .
1
P r o o f : U s i n g  t h e  w e l l  known r e s u l t  t h a t  i n  <fc
|1 2 e . f l w j l  = 2 l |w , | |  [ 4 ]  one e a s i l y  computes  t h a t  f o ri —1 i - 1
n > 3 ||i 2 l a i x i f ix i i| 1 a i +ai + l  I+ ^ ^ * ± 1  + 3 1 an | . Hence 
i f  Sai x i  & x± c o n v e r g e s ,  th e n  ^la-jJ < + 00 and (x^S&x^) i s
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s i m i l a r  t o  (e^) i n  -t1 .
As we have m e n t io n e d  i n  C h a p te r  I  t h e  t e n s o r  p r o d u c t  
o f  u n c o n d i t i o n a l  b a s e s  need  n o t  be u n c o n d i t i o n a l  i n  
X . However we can show, i n  a manner  a n a lo g o u s  t o  t h a t
o f  P r o p o s i t i o n  1.19* t h a t  i n  some c a s e s  t h e  t e n s o r  p r o d u c t  
i s  a lw a y s  u n c o n d i t i o n a l .
P r o p o s i t i o n  2 . 5 : L e t  (x^) be  ^ n  u n c o n d i t i o n a l  b a s i s  f o r
X and  (e^)  t h e  u n i t  v e c t o r  b a s i s  o f  <fc’L. Then t h e  
t e n s o r  p r o d u c t  (x^ & e j ) . i s  jan u n c o n d i t i o n a l  b a s i s  f o r  
11 .
P r o o f ; Suppose S a ^ x ^ f i e ^  c o n v e rg e s  i n  . Then
g iv e n  6 > 0 t h e r e  i s  a p a i r  ( i 0 , j 0 ) su c h  t h a t  i f  
( l l * J l )  > (i-0 ^ J 0 ) ( i n  o r ^ | r i ^ g ^ o n  t h e  i n d i c e s  f rom  t h e
t e n s o r  p r o d u c t  b a s i s )  t h e n  || .S . a . , x .  & e .  || < ^  * where
( W  ^  3 K
K i s  g iv e n  by t h e  K - c o n d i t l o n  on ( x ^ ) .  By g ro u p in g  
t o g e t h e r  t h o s e  t e n s o r s  w i t h  t h e  same e^ t e r m  i n  them,we 
( i j *  ^1^
may w r i t e  || £ a i j x i S e jH = ^ ? ^ i  a i j x i ^ ® e j ^  =
sll S-ijXill < i  .
Now i f  Cb i j ) i s  any  0 ,1  s e q u e n c e ,  t h e n
C1! * J l )  .
Jl (12jd J13! JalJXi ® ejH ” fH P i d ai j Xi l l ^ 2KH f ai J XiH<K K=6-
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Hence Z b ^ a . y X ^  8  e^ c o n v e rg e s  and 8 e^)  i s  an
1u n c o n d i t i o n a l  b a s i s  f o r  X 8 ^  & .
C o r o l l a r y  2 .6 :  L e t  X Jse a, Banach sp ace  w i th  an
u n c o n d i t i o n a l  b a s i s  ( x ^ ) . Then X 8 ^  I = & iX and o n ly  
i f  X = jt1 .
P r o o f : The p r o o f  i s  a n a lo g o u s  t o  t h a t  o f  C o r o l l a r y  1 .2 0
l
s i n c e  e v e r y  complemented su b sp a ce  o f  I i s  i s o m o rp h ic  t o  
jfc1 [ 2 5 ] and jt1 8 ^  A1 = &1 [ 1 5 , p . 6 2 ] .
I n  C h a p te r  I  we a sk ed  t h e  q u e s t i o n :  " I f  (x^)  and
(y.j_) a r e  b a s i c  se q u en ce s  i n  X and Y r e s p e c t i v e l y ,  i s
(x^ 8 y j )  a b a s i c  seq u en ce  i n  X 8£ Y and X 8 ^  Y"? We
showed t h e  answer  i s  "y e s"  i n  X 8 Y b u t  t h e  method  o f€
p r o o f  i s  i n a p p l i c a b l e  t o  t h e  c a s e  X 8^  Y s i n c e  [ X j J S ^ f y ^ ]  
i s  n o t  n e c e s s a r i l y  a c l o s e d  su b sp ace  o f  X 8f  Y,
A n e g a t i v e  answer  t o  t h i s  q u e s t i o n  would a l s o  
answ er  n e g a t i v e l y  t h e  u n s o lv e d  p ro b lem  o f  w h e th e r  e v e ry  
b a s i c  seq u en ce  i n  a sp ace  can be e x t e n d e d  t o  a b a s i s  f o r  t h e
s p a c e .  F o r  i f  (x^)  and (y^) a r e  b a s i c  se q u en ce s  i n  X and Y
and (z^ )  and (wj) a r e  e x t e n s i o n s  o f  (x^) and (y^)
w hich  form  b a s e s  f o r  X and Y, th e n  t h e  sequence  ( x ^ 8 y j )
27
i s  "basic i n  XSI^Y b e i n g  a su b seq u en c e  o f  t h e  b a s i s  
( z ± flWj) .
*
Our n e x t  r e s u l t  i s  an a n a lo g u e  o f  P r o p o s i t i o n  1 .2 1 .  
However we w i l l  n e e d  t o  impose t h e  a d d i t i o n a l  c o n d i t i o n s
t h a t  (x^)  be  a b a s i s  r a t h e r  t h a n  j u s t  a b a s i c  sequence  and
t h a t  Y have  a b a s i s .  These  a s s u m p t io n s  a r e  p r o b a b l y  
s u p e r f l o u s .
P r o p o s i t i o n  2 .7 :  L e t  (x^)  be  a b a s i s  f o r  X and suppose
Y h as  a b a s i s .  Then f o r  any  n o n - z e r o  sequence  (z^,) i n  Y, 
(x^f i tz^ )  i s  a b a s i c  sequence  i n  Xfit^Y.
P r o o f : L e t  (y^)  be a b a s i s  f o r  Y and suppose
n+p m m , (k)  . . (k)  .
S a , x ,  8 z .  = 2 v. fl w, = 2 (2 b., Xj S c '  y*) =
i = l  1 1 1 k = l  k  k  k = l  j  J y  t  4
m (k) ( k k
n+p n+p ( j )
S i n c e  i h ai x 3 ®  Z J  =  j i l *3X3 8 dl  H )
= ” s P S a  d ^ x .  y. and s i n c e  (x^ S>yJ) i s  a b a s i s  f o r
j = l j t  j  * J * 1 d
m (k) (k)
X &_ Y we must have S S  S b ,  c ,  j x . S y .  =
w i t  fc=l J 4 ' 3 *
n+p m (k)  (k)  m (k )  (k)  ( j )
2 2 ( 2 b j  c .  ) x . y . , and 2 b .  c .  = a 1d, f o r
j = l  I  k = l  3 t  1 i  * t  k = l  J 1 3 4
j  = 1, 2, . ... n + p and any t  ~ l j  2,  . . .
n n ( j )
Now ^ 2 ^ a jX j  fl Zj = j ? 3_ ^ a j d|, x j  ® * w hich  by  t h e
n m (k)  ( k k  ^
above i s  e q u a l  t o  ^2., 2 ( 2 b .  c.  jx^ f i ly .  =
3=±t  k = l  J * 3
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ni n (k) (k) „ m '
V , )  ® (S c ]  ' y , ) -  k=Xvk ® wk where
v '  = S in c e  I I Kl!vkll we have
^ l l ^ k l l  " WJ  ^  k=l**Vk" "wkH * T h e r e f o r e  s i n c e  t h i s  i s
“  n+p
t r u e  f o r  e v e ry  r e p r e s e n t a t i o n  o f  ^E^a^x^ S> z^ ,  we have
..n+p n l( .
Kl*i=la i x i  ® Zi*' — H i - l a i x i  ® z i ' l  and ^  t h e  (x i  ® z ±)
i s  b a s i c  i n  X ST Y.
The p r o o f  o f  P r o p o s i t i o n  2 .7  shows t h a t  t h e  K 
c o r r e s p o n d i n g  t o  t h e  b a s i c  s eq u en ce  (x^ St z^)  i s  t h e  same 
K which  c o r r e s p o n d s  t o  t h e  b a s i s  ( x ^ ) . Hence we have
C o r o l l a r y  2 .8 :  L e t  (x^) be  a_ monotone b a s i s  f o r  X and
( ^ i )  any b a s i s  f o r  Y. Then t h e  t e n s o r  d i a g o n a l  (x^ Y - l )
i n  Xfil^Y _is m o n o to n e .
Here again. ,  a s  in  t h e  c a s e  o f  t h e  e - t o p o l o g y ,  t h e  
t e n s o r  p r o d u c t  o f  monotone b a s e s  may n o t  be m onotone .
Example 2 ,9 :  L e t  (x^) be t h e  (monotone) b a s i s  f o r  &
d e f i n e d  in  P r o p o s i t i o n  2 . 4 .  Then | |x1 8 x^  + x 2 St Xg|| = 5 w h i l e
||x-^ 8 x-l + x 2 S x 2 -  x 2 St x-J| = 3 .  Hence (x^S ix ^ )  i s  n o t
1 1monotone in  I z .
I n  c o n t r a s t  t o  t h i s  example we p ro v e  t h e  f o l l o w i n g  
r e s u l t .  The p r o o f  i s  o m i t t e d  s i n c e  i t  f o l l o w s  c l o s e l y  
t h a t  o f  P r o p o s i t i o n  2 . 5 .  The p r o p o s i t i o n  sh o u ld  b e  compared 
w i t h  P r o p o s i t i o n s  2 . 5 ,  1 .1 9  and 1 .2 4 .
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P r o p o s i t i o n  2 ,1 0 :  L e t  (x1 ) be a monotone b a s i s  f o r  X
and (e.^) t h e  u n i t  v e c t o r  b a s i s  f o r  t 1 . Then (x^ 8 e^)  
i s  a monotone b a s i s  f o r  X -t1 ,
I I I .  PROPERTIES OP THE TENSOR DIAGONAL
As t h e  r e s u l t s  o f  t h i s  c h a p t e r  w i l l  show, a 
c o n s i d e r a t i o n  o f  t h e  t e n s o r  d i a g o n a l  (xi  fl y^)  o f  a t e n s o r  
p r o d u c t  b a s i s  i s  o f t e n  u s e f u l  i n  d e t e r m i n i n g  p r o p e r t i e s  o f  
t h e  s p a c e s  X S&6 Y and  X Y.
We w i l l  be c o n c e r n e d  m a i n l y  w i t h  im pos ing  c o n d i t i o n s  
on t h e  b a s e s  (x^) and (y^)  in  o r d e r  t h a t  t h e  d i a g o n a l  
(x± S> y ± ) i n  X Y o r  X Y w i l l  be s i m i l a r  t o  some 
g iv e n  b a s i s  and w i th  c h a r a c t e r i z i n g  t h e  d i a g o n a l s  o f  c e r t a i n  
w e l l  known b a s e s .
Our f i r s t  r e s u l t s  i n  t h i s  d i r e c t i o n  a l s o  d e m o n s t r a t e  
a n o t h e r  perm anence  p r o p e r t y  o f  t e n s o r  p r o d u c t s  o f  a r b i t r a r y  
b a s e s  w i t h  t h e  u n i t  v e c t o r  b a s e s  o f  cQ and i 1 .
P r o p o s i t i o n  3 . 1 :  L e t  (x.^) be a. b a s i s  f o r  X and (e^)
t h e  u n i t  v e c t o r  b a s i s  f o r  cQ. Then t h e  t e n s o r  d i a g o n a l  
(x^ S& e i ) _ln X c Q i £  s i m i l a r  t o  (e ^ ) i n  c Q.
P r o o f : S i n c e  (e^)  i n  c Q i s  u n c o n d i t i o n a l ,  (x^ £ e^)  
i n  X c Q i s  u n c o n d i t i o n a l  by  Theorem 1 .1 7 .  By d e f i n i t i o n  
o f  t h e  e -n o rm ,  | | .2_x.  ® e .  || = sup || E f ( x .  )e .  || =
i l f | i < i  1 = 1
sup sup I f f x j ) !  < sup || x 1 || < + oo .  Hence ( x ^ f i e ^ )  i s  
l< i< n  || f  H <1 i
o f  t y p e  P and  i s  t h e r e f o r e  s i m i l a r  t o  (e^) i n  cQ.
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A d u a l  r e s u l t  i s
P r o p o s i t i o n  3.2:  L e t  ( x ^ ) be  a b a s i s  f o r  X and ( e ^ )
—
t h e  u n i t  v e c t o r  b a s i s  f o r  -t , Then t h e  t e n s o r  d i a g o n a l
(xi f l e i ) i n  X 8 ^  -fc1 i s  s i m i l a r  t o  ( e i ) i n  -t1 .
P r o o f : I f  £ a i x i  a  e i  c o n v e rg e s  i n  X fli  ̂ <t1 t h e n
|| 2 a i x 1 f l e i || = 2 | a i | | | x 1 || — 5 0 . S in c e  we a r e
i=m i=m
assu m in g  i n f  l |x ^ | |  > 0 we must  have ^ |  a.^| < + «  and
(x^ fl e i ) i s  s i m i l a r  t o  ( e i ) i n  I  .
We have shown in  Theorem 1 .1 7  t h a t  t h e  t e n s o r
d i a g o n a l  (x^ & y^) o f  an u n c o n d i t i o n a l  b a s i s  (x^)  f o r  X 
and a b a s i s  (y^)  f o r  Y i s  u n c o n d i t i o n a l .  In  t h e  c a s e
where  (y^)  i s  o f  t y p e  P we can say  much more .
P r o p o s i t i o n  3*3: L e t  (x i ) be an u b c o n d i t i o h a l  b a s i s  f o r
X and  (y± ) a b a s i s  o f  t y p e  P* f o r  Y. Then t h e  t e n s o r
d i a g o n a l  (xi  y^ )  i n  X J&€ Y i s  s i m i l a r  t o  C*^).
P r o o f : I f  2 a.jX^ ® c o n v e rg e s  In  X ®€ Y th e n
sup || 2 a . g f y . j x j l  Eli! > 0 . S in c e  (y± ) i s  o f  t y p e  P* ,
I I  e l l  < i  i = m
t h e r e  i s  a g i n  Y* such  t h a t  | | g | |  = 1 and g fy ^ )  = b > 0
n m n
f o r  a l l  i .  Hence by t h e  above || 2 b a 4x ,  || ■ ■> 0 ,  soi=m l i "
2 a . x .  c o n v e rg e s  i n  X. i  1 1
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C o n v e r s e ly ,  I f  c o n v e rg e s  t h e n  s i n c e  (x^)
i s  u n c o n d i t i o n a l ,  ^ c i a i x i  co n v e rg e s  u n i f o r m l y  f o r  ( c i ) i n  
any bounded s u b s e t  o f  J&“  [ 2 4 ] ,  S in c e  t h e  s e t  
( ( g f y i ) )  I g i n  Y , | |g[ |  < 1 ]  i s  a bounded  s u b s e t  o f  J&°°, i t  
f o l l o w s  t h a t  5 a i g ( Y i ) x i  co n v e rg e s  u n i f o r m l y  o v e r  || g|j < 1, 
and by d e f i n i t i o n  o f  t h e  e -no rm  ^  a ^  a  y^ c o n v e rg e s  in
X 8 g Y. T h e r e f o r e  (x^)  i s  s i m i l a r  t o  (x ^ & y .^ ) .
P r o p o s i t i o n  3 . 3  o f f e r s  an i n t e r e s t i n g  c o n t r a s t  
be tween t h e  e and ir t o p o l o g i e s  s i n c e  an a n a lo g o u s  
p r o p o s i t i o n  w i t h  e r e p l a c e d  by  ir i s  n o t  t r u e .
Example 3 . 4 :  L e t  d e n o te  t h e  u n i t  v e c t o r  b a s i s  in
■p o
t  (1 < p  < + ~ )  . Then ( e i ) i n  JL i s  u n c o n d i t i o n a l  w h i l e
X *( e i ) i n  JL i s  o f  t y p e  P . However, by  P r o p o s i t i o n  3*2
2 1 1 (e^  ̂ S e j )  i n  i  8 .̂ i s  s i m i l a r  t o  (e^)  i n  JL .
N o t i c e ,  however,  t h a t  s i n c e  || ]| £ < || i t  f o l l o w s
t h a t  i f  (y^)  i s  o f  t y p e  P* and ^ a ±x ±® y± c o n v e rg e s  in
** *
X Y ,  t h e n  ^  a i x i  c o n v e rg e s  i n  X.
The n e x t  th e o re m  p r o v i d e s  an i n t e r e s t i n g  
c h a r a c t e r i z a t i o n  o f  t h e  t e n s o r  d i a g o n a l  (e^ S e ^  in  
•ep a .  -er  (1  < p , r < « > )  where  ( e ^ )  d e n o t e s  t h e  u n i t  v e c t o r  
b a s i s .
Theorem 3*5: L e t  l < p , r <  + °° and s e t  q = . Then
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( i )  _If r ^ q  t h e  t e n s o r  d i a g o n a l  (e^ £> e^)  _in
Sp ji T I s  s i m i l a r  t o  (e^)  i n  c Q.
( i i )  JEf r < q  t h e  t e n s o r  d i a g o n a l  (e^  fl e^)  In  
$P ®e $P . i s  s i m i l a r  t o  (e^)  i n  *
P r o o f : (1) By Theorem 1 . 1 7  (e^ fi e^)  i n  tP &e sP  i s
u n c o n d i t i o n a l .  Now | | . 2, e .  8  e., II = sup ||. En x* ( e . J e . || <
1 1 ||x*l|< l a—L 1 1  f p  ~
x * ln j
sup |j S x * ( e j )  e . | |  < 1 s i n c e  q < r  i m p l i e s  any  x*
l|x*|l < l i  1 1  r ”  ~
x * i n x q
i n  i s  i n  4 and (|x*|| < 1 i m p l i e s  ||x*|| < 1 .
jaq P
Hence (e^  S e^ )  i s  o f  t y p e  P and m ust  th e n  be  s i m i l a r  t o
(e i ) in  c Q.
( i i )  Suppose r  < q and 2 a^e^  fl c o n v e rg e s
n 1
i n  & p . Then sup [ 2 | a .  | r | x * ( e .  ) | r ]'F ■* 0,
| |x*H<l 1=m 1 x
x ^ i n ^
i m p l y in g  2 | |  r | x * ( e i ) | r  c o n v e rg e s  f o r  a l l  x* i n  P .
F o r  a n j  s eq u en ce  (b^)  i n  (n o te  > 1 ) ,  d e f i n e
x * ( e ± ) = { | r  . C l e a r l y  t h e  seq u en ce  ( x * ( e 1 ))  d e f i n e d  t h i s
way i s  an e le m e n t  o f  P  which  we d e n o te  by  x * . By t h e
1
above we t h e n  have  a ± | r ( | b i | r ) r  = S | a ± | r | b ± | c o n v e rg e s
B
f o r  a l l  ( b ^ ) i n  P  x and by  a w e l l  known r e s u l t  i t  f o l l o w s




C o n v e r s e ly ,  I f  ( a i ) I s  i n  Z q - r , t h e n  f o r  any
m’ "  l l ^ l l  [ i l m l a i > r ' x * (e l ) | r i r  ^
x * in  £ q
fiu p * i i x J f? = “ ( | a i | r ) q " r )  ^  ■ f i L ( | x * ( e i ) | r ) r 3 9 ] r  t y| | x * | | < l L
H o l d e r ' s  i n e q u a l i t y .  But t h i s  l a s t  i s  e q u a l  t o
sup
| | x * [ j < l
j a _ „ S L .q - r< | ^ 2  i a± |  q “ r  J  q r  — > 0 .  Hence i f  ( a ± ) i s  i n  Z{
t h e n  2 a ^ e ^ e ^  c o n v e rg e s  i n  tP ZT and we see  ( e ^ f i e ^ )
1 S2L
i s  s i m i l a r  t o  (e^ )  i n  <tq“ r  .
N o t e : The s p e c i a l  c a s e  q = r  o f  p a r t  ( i )  o f  Theorem 3 . 5
was p ro v e d  b y  Dunford  and S c h a t t e n  [9 ]*
C o r o l l a r y  3 . 6 :  Given any  1 < s < + «> t h e r e  i s  & 1 <  p < 2 such
t h a t  (e^ ® e ^ )  ±n Jp &e tP  jLs s i m i l a r  t o  (e^ )  i n  Z s
Pg
P r o o f : F o r  1 < s < + «. s e t  q = . Then q > 2 so
p = < 2 .  By Theorem 3*5 & e^)  In  P  ®e P
p q
s i m i l a r  t o  ( e ,  ) i n  I q - p  . I t  i s  e a s i l y  seen  t h a t  -££L = s .1 (J“P
In. o r d e r  t o  d e s c r i b e  t h e  d i a g o n a l s  (e^ S e^ )  i n
13 rZ* Z we w i l l  n ee d  t h e  f o l l o w i n g  lemma which  w i l l  be 
u s e d  r e p e a t e d l y  t h r o u g h o u t  t h e  p a p e r  In  d u a l i t y  t y p e  p r o o f s .
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T here  may seem t o  be n o t h i n g  t o  p r o v e .  However t h e  
f o l l o w i n g  r e s u l t  i s  t r u e .
Theorem: L e t  ( x ^ f ^ )  be  a b a s i s  f o r  X. Then (xi ) i s
u n c o n d i t i o n a l  i f  and o n ly  i f  f o r  e v e ry  su b seq u en ce  (x ) o f
i
(x^) t h e  a s s o c i a t e d  seq u en ce  o f  c o e f f i c i e n t  f u n c t i o n a l s  
(gn ^) i n  Cxn 3* i s  s i m i l a r  t o  ( f n ) .
We p r o c e e d  t o  t h e  lemma.
Lemma 3 . 7 :  L e t  (x i , f i ) be a b a s i s  f o r  X h a v in g  a
sub seq u en ce  (xn ) w h ich  i s  s i m i l a r  t o  (e^)  i n  cQ. Then t h e
i  *
c o r r e s p o n d i n g  sub - seq u en ce  ( f fi ) o f  ( f ^ )  _in X i s  s i m i l a r
t o  (e ^) &
P r o o f : The s e q u en c e  (xfi ) i s  s i m i l a r  t o  (e^ )  i n  c Q so
t h e  a s s o c i a t e d  seq u en ce  o f  c o e f f i c i e n t  f u n c t i o n a l s  ) in
* 1 [x„ ] i s  s i m i l a r  t o  ( e . , ) i n  £
i  1
I t  i s  c l e a r  t h a t  g.  ̂ = f  L. i f o r  e a ch  i .  Hence
n i  [ x n ±l
i f  i ai f n ,  c o n v e r g e s ,  then  S a ± f J [ x  ] = S a l g
x x x
c o n v e r g e s .  But t h e n  by  t h e  above S | a i | < + °° and ( f n ) ,
1 i
b e i n g  s e m i - n o r m a l i z e d ,  i s  s i m i l a r  t o  (e^)  i n  4*1 .
N o t e : • I t  f o l l o w s  f ro m  a  p r e v i o u s  comment we have made 
( I n t r o d u c t i o n )  a b o u t  b e i n g  n o r m -d e te r m in i n g  o v e r  X
t h a t  i f  ( x ^ f ^ )  i s  a b a s i s  f o r  X such  t h a t  ( f  ) i s
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s i m i l a r  t o  (e^ )  in  c Q, th e n  (xn ) i s  s i m i l a r  t o  (e^ )  in  
* x . 1
C o r o l l a r y  3 . 8 :  L e t  l < m , n < + « >  and ^ - T  — m* Tilen 
(e.^ & e1 ) bn <tm Sty. <tn jLs s i m i l a r  t o  ( e ^ )  i n  4 1 .
P r o o f ; S in c e  > m i t  f o l l o w s  from Theorem 3*5 t h a t
m n
(e^ ® e ^) l n  t 1*1""1 &e i s  s i m i l a r  t o  (e^ )  i n  c Q. Hence
m n  #
by  Lemma 3*7 (e^ e^ )  i n  i n = ( i m“ l  i s
s i m i l a r  t o  (e^ )  in  <t .
A n o th e r  c o r o l l a r y  o f  Theorem 3 -5  i s  t h e  f o l l o w i n g  
c h a r a c t e r i z a t i o n  o f  c e r t a i n  t y p e s  o f  o p e r a t o r s  be tw een  
s p a c e s .
C o r o l l a r y  3*9:  L e t  1 < p < + °o and q = p?T  • C1 )
r  > q t h e  mapping T : i ^  -♦ i r  d e f i n e d  by  T (x )  s E a ^ x f e ^ J e ^  
i s  compact i f  and o n l y  i f  ( a ^ )  3-s jln c Q.
( i i )  _If r < q  t h e  mapping T:<.q -> t r  d e f i n e d  by
T (x )  = E a 1 x ( e i ) e i  _is compact i f  and o n l y  i f  (a^)  I s  in
Prool,; S ln c e  II i l n f i e i®  e i  H = |,
x * in
we se e  t h a t  i f  ^ a ^ f l  e^ c o n v e rg e s  i n  &€ <tr  t h e n  t h e  
mapping T d e f i n e d  above i s  compact  b e i n g  t h e  u n i f o rm  l i m i t
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o f  f i n i t e  d im e n s io n a l  m aps.
C o n v e rs e ly ,  i f  T i s  compact t h e n  t h e  s e t  
( ^ a i x ( e i ) e i  | | | x | |  < 1 ,  x  i n  i s  c o n d i t i o n a l l y  compact
in  t r , and  "by a w e l l  known theo rem  [ 2 1 , p .  12] i t  f o l l o w s  
t h a t  ^ a i x (e i ) e j, c o n v e r g e s  u n i f o r m l y  o v e r  | | x | |  < 1 . Hence 
E a^e^ a  e^ co n v e rg e s  i n  <tp -tr .
T h e r e f o r e  S a ^ f i e ^  c o n v e rg e s  i n  tP  <tr  i f  
and o n l y  i f  t h e  mapping T i s  com pact .  The c o r o l l a r y  now 
f o l l o w s  im m e d ia te ly  f ro m  Theorem 3*5*
I t  i s  a t r i v i a l  c o r o l l a r y  o f  Theorem 3*5 t h a t
^  a  e ± ) i n  4P = 1) i s  s i m i l a r  t o  (e± )
in  c Q. The n e x t  t h e o r e m  shows t h i s  i s  o n ly  a s p e c i a l  c a s e
o f  a more g e n e r a l  r e s u l t .
Theorem 3 • 10: L e t  X h e  a space  w i t h  an u n c o n d i t i o n a l
b a s i s  Then t h e  t e n s o r  d i a g o n a l  (x.^ a  f ^ )  jln
X a £ i s  s i m i l a r  t o  ( e ^ ) in  c Q.
P r o o f : By Theorem 1 . 1 7  t h e  d i a g o n a l  (x^  S i s
u n c o n d i t i o n a l .  We show i t  i s  a l s o  o f  t y p e  F and hence  
s i m i l a r  t  o (e^)  i n  c Q.
By d e f i n i t i o n  || i E.jXi a f i |l = sup || ^ S ^ f ^ ( x ) x ^ | |  j<
IIx II
K sup || E f . (x) x ,  || = K (where K i s  g iv e n  by  t h e
I M U 1
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K - c o n d i t i o n  on ( x ^ ) ) .  Hence (x.^ ® f ^ )  i s  o f  t y p e  P in
x sie an<̂  we a re  done*
C o r o l l a r y  3 .1 1 :  L e t  X be  ja space  w i t h  an u n c o n d i t i o n a l
b a s i c  sequence  (y ^ )  such  t h a t  t h e r e  i s  c o n t in u o u s  l i n e a r
' m app ing  from X o n to  [y.^] { e .g .  _if [ y 1 ] = X o r  [ y ^ l  i s  
complemented i n  X ) . '̂ !hen c Q can be embedded in  X X .
P r o o f : Suppose T:X -» [y.^] i s  a c o n t i n u o u s  l i n e a r  mapping
w h ich  i s  o n t o .  Then [ y i ] = X/ k where K i s  t h e  k e r n e l
o f  T .  I t  f o l l o w s  t h a t  [ y ^ ]*  can be  embedded in  X* s in c e
[ y ^ ] *  -  [ X/k 3 *  = K° c  x* [ 3 2 , p . l 6 l ] .  The c o n c l u s i o n  now
*
f o l l o w s  from Theorem 3 .1 0  s i n c e  [y^]®6 [ y ^ l  i® a c l o s e d
*
s u b s p a c e  o f  X X .
C o r o l l a r y  3 .1 2 :  L e t  X b e  a space  w i t h  an u n c o n d i t i o n a l
b a s i s . Then X X _is n o t  weakly  c o m p l e t e .
C o r o l l a r y  3 •1 3 :  L e t  X be  a, r e f l e x i v e  sp ace  w i t h  an
u n c o n d i t i o n a l  b a s i s . Then X X h a s  _a b a s i s  w h ich  i s  
n e i t h e r  s h r i n k i n g  n o r  b o u n d e d ly  c o m p l e t e .
P r o o f : I f  i s  an u n c o n d i t i o n a l  b a s i s  f o r  X th e n
*(x^ !0 f j )  i s  a b a s i s  f o r  X X whose d i a g o n a l  i s
. s i m i l a r  t o  (®^) i n  c 0 . S in c e  no s e p a r a b l e  c o n j u g a t e
*space, c o n t a i n s  c Q [ 2 ] ,  t h e  space  X X has  no 
b o u n d e d ly  c o m p le te  b a s i s .
*
I f  e v e r y  b a s i s  were  s h r i n k i n g  t h e n  X fl6 X would
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*
b e  r e f l e x i v e  [3o]> c o n t r a d i c t i n g  t h e  f a c t  t h a t  cQc x & e X 
C o r o l l a r y  3 • 1^:  L e t  X be a. r e f l e x i v e  sp ace  w i th  an
4f.
u n c o n d i t i o n a l  b a s i s . Then X 6&£ X i s  n o t  q u a s i - r e f l e x i v e  
o f  o r d e r  n f o r  any n > 0 .
P r o o f : E v e ry  c l o s e d  su b sp a c e  o f  a q u a s i - r e f l e x i v e  sp a ce  i s
q u a s i - r e f l e x i v e  [5]*  S in c e  c Q i s  n o t  q u a s i - r e f l e x i v e , t h e  
r e s u l t  f o l l o w s  im m e d ia te ly  f rom  Theorem 3*10.
N o te :  I t  f o l l o w s j  of. c o u r s e ,  f rom  Theorem 3 .1 0  t h a t  i f  X
*
h a s  an u n c o n d i t i o n a l  b a s i s ,  t h e n  X X i s  n o t  r e f l e x i v e .
However, we w i l l  show i n  C h a p te r  V t h a t  t h i s  r e s u l t  i s  t r u e  
w i t h o u t  as sum ing  t h e  b a s i s  i s  u n c o n d i t i o n a l .
C o r o l l a r y  3*15: L e t  (x jL-»^i) .§£! u n c o n d i t i o n a l  b a s i s  f o r
X . Then t h e  mapping T:X -» X d e f i n e d  by  T (x) = ^ (x )x i
i s  compact i f  and o n ly  i f  (a^ )  _is jjn c Q.
P r o o f : The p r o o f  i s  v e r y  s i m i l a r  t o  t h a t  o f  C o r o l l a r y  3*9
and w i l l  be  o m i t t e d .
A r e s u l t  d u a l  t o  Theorem 3 .1 0  i s
C o r o l l a r y  3*16: L e t  (x i j ^j[) be an u n c o n d i t i o n a l  b a s i s
f o r  X. Then (x^ St f ^ )  i n  X [*^5 —  s i m i l a r  t o  (e^)
i n  JL1 .
P r o o f : By Theorem 2 .3  t h e  d i a g o n a l  (x^ f ^ )  in
X [ f ^ ]  i s  u n c o n d i t i o n a l .  A ls o ,  we have p r e v i o u s l y  seen
4 o
t h a t  t h e  c o e f f i c i e n t  f u n c t i o n a l s  a s s o c i a t e d  w i t h  t h e  b a s i c  
sequence  (x^ & f ^ )  i n  X 18̂  [ f ^ ]  a r e  j u s t  t h e  r e s t r i c t i o n s  
o f  t h e  f u n c t i o n a l s  ( f ^  Si x i ) i n  X S>£ [ f . j J ^ c  (x&^Cf.jJ)*  
t o  t h e  s u b s p a c e  [x^  Si fj_]*
Now (f.^ & x ^ )  i n  X* £&e [ f .^ ]*  i n  X* fi£ [fj_]* i s
s i m i l a r  t o  ( e i )  i n CQ by Theorem 3*10* and h en c e  i s  o f
t y p e  P .  I t  i s  c l e a r  t h a t  t h e  r e s t r i c t i o n s  o f  a t y p e  P
b a s i s  w i l l  a l s o  be o f  t y p e  P .  T h e r e f o r e  t h e  c o e f f i c i e n t  
f u n c t i o n a l s  o f  t h e  b a s i s  (x^ & f ^ )  a r e  o f  t y p e  P, im p ly in g
t h e  b a s i s  (x i  ® f ^ )  i s  o f  t y p e  P and hence s i m i l a r  t o
( e i ) i n  I 1 .
From C o r o l l a r y  3 .1 6  we o b t a i n  t h e  f o l l o w i n g  
i n t e r e s t i n g  r e s u l t .
C o r o l l a r y  3 .1 7 :  L e t  X be  _a r e f l e x i v e  sp ace  w i t h  an 
u n c o n d i t i o n a l  b a s i s . Then £ ( XfX),  t h e  space  o f  a l l  bounded 
l i n e a r  o p e r a t o r s  on X, _is n o n - s e p a r a b l e .
P r o o f : I f  (x^) i s  u n c o n d i t io n a l*  t h e n  by  C o r o l l a r y  3 .1 6
(xi  Si f ^ )  i n  X Sî . X* i s  s i m i l a r  t o  ( e ^ )  In  -t"**. T here ­
f o r e  -6°° I s  i s o m o rp h ic  t o  a f a c t o r  s p a c e  o f
(X X*) = s£(X,X**) = s£(XjX) and t h e  c o n c l u s i o n  f o l l o w s .
In  o r d e r  t o  s t a t e  t h e  n e x t  th e o re m s  we n e e d  t h e  
f o l l o w i n g  d e f i n i t i o n s .
L e t  p > l  and (x.^) a b a s i s  f o r  X. Then (x^)
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i s  c a l l e d  p - H i l b e r t i a n  ( p - B e s s e l i a n )  i f  w henever  
E | a ±(p < + °° (whenever  E c o n v e r g e s )  t h e n  E
co n v e rg e s  (B |a ^ J ^  < + 00) * A b a s i s  which  i s  2 - H i l b e r t i a n  
( 2 - B e s s e l i a n )  w i l l  s im p ly  be c a l l e d  H i l b e r t l a n  ( B e s s e l i a n )  
[ 26].
Lemma 3 .1 8 :  The b a s i s  ( x ^ f ^ )  p - H i l b e r t i a n  i f  and o n ly
i f  t h e  b a s i c  seq u en ce  ( f ^ x ^ )  As q - B e s s e l i a n  (where
-1 , -1 -.X
P + q = 1) •
P r o o f : I f  (x^)  I s  p - H i l b e r t i a n  t h e n  by  t h e  B a n a c h -S te in h a u s
th e o re m  t h e  l i n e a r  m apping T :4P + X d e f i n e d  by  T ( ^ a 1e i ) =
B a^x .  i s  c o n t i n u o u s .  Hence t h e  a d j o i n t  map i s
I  1 1
c o n t in u o u s  and T (L a ^ )  = ^ a i e ± ■* i rop iy ing  ( ^ )  i® 
q - B e s s e l i a n .
The r e v e r s e  i m p l i c a t i o n  I s  p ro v e d  i n  e x a c t l y  t h e  
same m anner .
Lemma 3 .1 9 :  L e t  1 < p  < + «> and l e t  (x^) be  a. p - H l l b e r t i a n
b a s i s  f o r  X. Then (x^)  i s  o f  t y p e  wcQ.
P r o o f : As . the  p r o o f  o f  Lemma 3*18 shows, t h e r e  i s  a
c o n t in u o u s  o n e - t o - o n e  l i n e a r  map T:-tp -* X su ch  t h a t
T ( e i ) = x^ (where (e^ )  i s  t h e  u n i t  v e c t o r  b a s i s  o f  -tp ) . F o r
any  f  In  X*, T * ( f )  I s  i n  so  T * ( f ) ( e ^ )  0 s i n c e
( e ^  i s  o f  t y p e  wcQ i n  <tp . But T * ( f ) ( e 1 ) = f  (Tfe.^) )= f  (x^ ) .
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T h e r e f o r e  (x^) i s  o f  t y p e  wcQ.
Theorem 3 .2 0 :  L e t  (x^ jf .^ )  ]2® £  p - H i l b e r t i a n  b a s i s  f o r  X
and (y ^ jg ^ )  _a q - H i l b e r t i a n  b a s i s  f o r  Y (where 
p - 1  + q_1 = 1) . Then t h e  t e n s o r  d i a g o n a l  (x^ £i y^)  in  
X Y i s  s i m i l a r  t o  ( e 4 ) i n  c _ .6   ■ —  ' 1 ' —  O
P r o o f : Suppose (a^ )  i s  i n  c Q. Then
H i f mai x i  8  y i 11 = | | xS.U|f< i ’ SlnCe thE
II y* II <x
s p a c e s  [ f ^ ]  and [g ^ ]  a r e  n o rm -d e te rm in in g  o v e r  X and Y
r e s p e c t i v e l y , t h e r e  i s  an M > 1  such  t h a t  t h i s  l a s t  i s  l e s s
th a n  o r  e q u a l  t o  M sup | a ,  | sup ^ L l x ^ x , ) !  ly ^ K  )|.
m— ~  n 1 | | x * | | < l , x * i n  [ f ^ ]
l ly * l l< i  y * i n [ g 1 ]
Now by Lemma 3 .1 8  ( f ^ , x ^ )  i s  q - B e s s e l i a n  and 
Y i ) i s  p - B e s s e l i a n .  T h e r e f o r e  by  t h e  c o n t i n u i t y  o f  t h e
.ft
m appings  T d e s c r i b e d  i n  Lemma 2 .18
1 1
sup [ 2 | x * { x ± ) | q ] q < |1 T* || and sup [ §  | y * ( y i ) | p ]p <
| | x * | j< i  L l |y * n < i  1-111
x * i n [ f ± ] y * in  [ g ±]
l |T2 || (where i s  t h e  mapping c o r r e s p o n d i n g  t o  (x^) and
Tg c o r r e s p o n d s  t o  ( y ^ ) ) .
A p p ly in g  H o l d e r ' s  i n e q u a l i t y  we th e n  have
ilx*fSi,x.i„[f1] ilmi**<*!>I Iy*(yi)i < K n  »T*2I1 for
I I y * | |< l , y * i n  [ g i ]
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a l l  m,,n. T h e r e f o r e  by th e  p r e v i o u s  i n e q u a l i t i e s  
|| st^X-L ® y^ll *♦ 0 and (x^ y ^ )  i s  s i m i l a r  t o  (e^ )  in
c o*
The f o l l o w i n g  p r o p o s i t i o n  shows t h a t  t h e  c o n v e r s e  
o f  Theorem 3 .2 0  i n  t h e  case  p = q = 2 i s  a l s o  t r u e .
P r o p o s i t i o n  3 • 21: L e t  (x^ ) Jbe ji  b a s i s  f o r  X such  t h a t  
t h e  t e n s o r  d i a g o n a l  (x^ SI x^) jLn X &e X _is o f  t y p e  P .
Then (x.^) _is H i l b e r t i a n .
P r o o f : I f  (x.^ ® x i ) i s  o f  t y p e  P in  X' Se X* th e n  by
d e f i n i t i o n  sup II § x . fi) x. || = su p  ..sun. 1, 2_x* (x1 )y* (x* ) | < + « .  
n ' i = l  i  i  n | | x * | | < l  i = l  x x
II y* i s 1
. i . "  
ii ** ii < i
In  p a r t i c u l a r  sup sup | J 2 ,  [x *  ( x . ) ] ( < + « > .
n II x*II Cl iMl 1
Now i f  ( a . )  i s  in  th e n  |[ .2  a . x .  || =i  i=m i
,, su?  t „3UP„ l** (x i )  I 2 12 • [ s  l a i | 2 ] ^ -
| | x » | | < l  i=n  1 1 llx* !1< l i=m
S in ce  t h i s  l a s t  t e n d s  t o  ze ro  w i t h  m,n., (x ^ )  i s  H i l b e r t i a n .
Combining Theorem 3 .2 0  and  P r o p o s i t i o n  3*21, we 
o b t a i n  t h e  f o l l o w i n g  c l a s s i f i c a t i o n  of H i l b e r t i a n  b a s e s  In  
t e rm s  o f  t h e i r  t e n s o r  d i a g o n a l s  .
P r o p o s i t i o n  3*22: A b a s i s  (x^ )  f o r  X i a  H i l b e r t i a n  i f  and
o n ly  i f  t h e  t e n s o r  d ia g o n a l  (x^ & x ^  ' i n  X S£ X i s  
s i m i l a r  t o  (e^ )  i n  c Q.
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An i n t e r e s t i n g  c o r o l l a r y  o f  Theorem 3 -2 0  i s
C o r o l l a r y  3 • 23: JIf X c o n t a i n s  _a p - H l l b e r t i a n  b a s i c
se q u e n c e  (x^)  and Y c o n t a i n s  a q - H i i b e r t l a n  b a s i c  
se q u e n c e  (y.^) (p- 1 + q"*1 = 1)* th e n  X ®e Y i s  n o t  r e f l e x i v e .
P r o o f : The r e s u l t  f o l l o w s  im m e d ia te l y  f rom Theorem 3 .2 0  and
t h e  f a c t  t h a t  [XjJ  [ y ^ ]  c  X Y .
A r e s u l t  which i s  d u a l  t o  t h a t  o f  Theorem 3*20 i s
Theorem 3*24: L e t  ( x ^ f ^ )  be ja p - B e s s e l i a n  b a s i s  f o r  X
and ( y ^ jg ^ )  _a q - B e s s e l a i n  b a s i s  f o r  Y (p“ + q“ = l ) . Then
t h e  t e n s o r  d i a g o n a l  (x^ fi y^ )  i n  X Y i s  s i m i l a r  t o  (e^)
i n  .
P r o o f : By Lemma 3 .1 8  ( f ^ x ^ )  i s  q - H i l b e r t i a n  and  ( g ^ y ^ )
-is  p - H i l b e r t i a n .  Hence ( f i ® gi ) i n  [ f ^ ] <= X*®£Y c  
(xSS^Y)* i s  s i m i l a r  t o  (e^ )  in  c Q by  Theorem 3 - 2 0 .  As 
we have  m e n t io n e d  in  t h e  n o t e  f o l l o w i n g  Lemma 3*7* i t  f o l l o w s
X
t h a t  (x^ & y^)  i s  s i m i l a r  t o  ( e ^ )  i n  <6 .
As a n o t h e r  a p p l i c a t i o n  o f  Theorem 3*20 we d e r i v e  
a c l a s s i c a l  th e o re m  on o p e r a t o r s  i n  H i l b e r t  s p a c e  [ 2 4 ] .
C o r o l l a r y  3*25: L e t  H^ and Hg be  H i l b e r t  s p a c e s  w i th
o r th o n o rm a l  b a s i c  s e q u e n c e s  (0^) an d  ( t ^ ) .  Then any 
seq u en ce  ( a ^ )  in  c Q d e f i n e s  a com pact  map T:H1 -»Hp 
a c c o r d i n g  t o  t h e  fo rm u la  T ( z )  = £ a^ ( z , 0 ^ ) ^ .
45
P r o o f ; C l e a r l y  b o t h  (0$_) an<* a r e  H i l b e r t i a n  b a s i c
s e q u e n c e s ,  im p ly in g  t h a t  t h e  d i a g o n a l  (0^ & * i )  in
10±] c  H-̂  H2 i s  s i m i l a r  t o  (e.^) i n  cQ by
Theorem 3 . 2 0 .  T h e r e f o r e  t h e  mapping T^; [0^]  •+ [ d e f i n e d
b y  ^ ( x )  = J  a jL i s  compact (by e x a c t l y  t h e  same
r e a s o n i n g  -is t h a t  o f  C o r o l l a r y  3 * 1 5 ) .
J
Now i f  z i s  i n  H- ,̂ z = x + y  where x i s  in  
[JZf ]̂ and  y  i s  i n  D e f i n i n g  T:H^-*Hg by
T (z )  = T ( x + y )  = ?  a ± (x + y)0^)if1 J  a i  ( x , ^ ) ^  = ^ ( x ) ,  i t  
i s  c l e a r  t h a t  T i s  a l s o  com pact .
At one t im e  i t  was an open q u e s t i o n  w h e th e r  e v e r y  
b a s i s  o f  t y p e  wcQ was s h r i n k i n g  [ 2 8 ] ,  S in c e  th e n  two 
ex am ples ,  t h e  b a s i s  (x^)  f o r  t h e  s p a ce  B o f  P e l c z y n s k i  
and S z l e n k  [28]  and t h e  b a s i s  (y^) f o r  t h e  s p a c e  (d) o f  
D av is  and Dean [31]* have been  g iv e n  o f  a b a s i s  o f  ty p e  wcQ 
which  i s  n o t  s h r i n k i n g .  Each o f  t h e s e  b a s e s  i s  u n c o n d i t i o n a l  
and b o u n d e d ly  c o m p le t e .  U sing  Theorem 3*20 we w i l l  e x h i b i t  
a co n t in u u m  o f  m u t u a l l y  n o n - s i m i l a r  b a s e s  e a c h  o f  which  i s  o f  
t y p e  wcQ, n o n - s h r i n k i n g ,  c o n d i t i o n a l ,  and n o n -b o u n d ed ly  
c o m p l e t e .
We f i r s t  p r o v e
P r o p o s i t i o n  3 .2 6 :  L e t  (x^) be  a p - H i l b e r t l a n  b a s i s  and
■I _  1
(y^-) & q-iH i l b e r t i a n  b a s i s  (where p"  + q“ =? 1).  . and
suppose  a t  l e a s t  one o f  (x^)  and (y^)  _is n o n - s h r i n k i n g . Then
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t h e  b a s i s  (x^ 8 y ^ ) f o r  X S6 Y jLs o f  ty p e  wcQ b u t  I s  
n o n - s h r i n k i n g  and n o n -b o u n d ed ly  c o m p l e t e .
P r o o f : By Lemma 3 .1 9  each  o f  (x^)  and (y^) i s  o f  t y p e  wcQ.
Hence by Theorem 1.9* t h e  b a s i s  (x^  ® Yj) f o r  x  Y i s
o f  t y p e  wcQ. S in ce  one o f  (x^) and  (y^)  i s  n o t  s h r i n k i n g ,  
t h e  b a s i s  (x^ 8 y^)  c a n n o t  be s h r i n k i n g  (Lemmas 1 . 1  and 1 .2 ) .  
F i n a l l y ,  t h e  d i a g o n a l  (x^ 8 y^)  i s  s i m i l a r  t o  ( e i ) i n  c Q,
a n o n -b o u n d e d ly  com ple te  b a s i s ,  and  t h e r e f o r e  b y  Lemma 1 .3  
(xi  8 y^)  i s  n o t  b o u n d ed ly  c o m p le t e .
P r o p o s i t i o n  3 .2 7 :  L e t  (y1 ) d e n o t e  t h e  b a s i s  f o r  t h e  space
(d) c>f D avis  and D ean . Then (y^)  _is q - H i l b e r t l a n  f o r  e v e ry
1 <  q < + “  .
P r o o f : Suppose £ | a . j j q  < + «  . Then by d e f i n i t i o n  o f  t h e
norm i n  (d)  T3H II .2  a 1y 1 II = sup E l ap ( i ) l  <
i=m 1 1  p i n  P i=m: I —
1 l
sup [ , S j a  (±) | q l ^  [ 2 ]p — ^>0, im p ly in g
p i n  P . 1=m p \ 1 '  i=m ±P 1 1 1
c o n v e rg e s  i n  (d)  and (y^) i s  q - H i l b e r t i a n .
C o r o l l a r y  3 • 28: T h e re  e x i s t s  _a con t inuum  o f  m u t u a l l y  non­
s i m i l a r  b a s e s  e a c h  o f  which i s  o f  t y p e  wcQ, n o n - s h r i n k i n g , 
c o n d i t i o n a l , and non- bou n d ed ly  c o m p l e t e .
P r o o f : L e t  d en o te  t h e  u n i t  v e c t o r  b a s i s  f o r  <tp
( l < p <  + °°) . Then by P r o p o s i t i o n s  3 .2 6  and 3*27 t h e  b a s i s
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( e i  a y-j) f o r  iP  fie (d)  h a s  t h e  p r o p e r t y  t h a t  i t  i s  o f  
ty p e  wcQ, n o n - s h r i n k i n g ,  and n o n -h o u n d e d ly  c o m p le t e .  More­
o v e r ,  i f  any two such  h a s e s  were s i m i l a r  f o r  p̂  ̂ ^ p 2 , th e n
P i
(e^  ̂ a  y^)  i n  (d)  would he  s i m i l a r  t o  (e^ 8 y^ )  i n
Po , Pi P 2i, &e  (d)  and b o  t  would he - i so m o rp h ic  t o  t  , a
c o n t r a d i c t i o n .
F o r  c o n v e n ie n c e ,  l e t  = tP  (d)  and l e t
(«*) d e n o te  t h e  b a s i s  (e^ 8 y j )  f o r  X p . I t  i s  w e l l
known t h a t  f o r  e a c h  l < p < + « >  t h e  sp ace  tP  has  a
p
c o n d i t i o n a l  b a s i s  (w^) [2 7 ]  which  i s  o f  t y p e  wcq [ 1 7 ] .  Hence 
t h e  b a s i s  ( w ^ S z ^ )  i n  Sp Xp i s  o f  t y p e  wcQ and i s  non­
s h r i n k i n g ,  n o n -b o u n d e d ly  co m p le te  and c o n d i t i o n a l  ( f o r  e v e r y  
l < p <  + ° ° ) .  As i n  t h e  above i t  i s  c l e a r  t h a t  t h e  b a s e s
^1 ^1  ^ 2  Pp.(wi  a  Zj ) and (w^ a Zj ) a r e  n o t  s i m i l a r  when
Pj. f P2-
Remark 3 .2 9 :  We have shown in  C h a p te r  I  t h a t  I f  (x^)  i s
s h r i n k i n g  th e n  (x^ a  x^)  i n  X a g X i s  a l s o  s h r i n k i n g .  The 
p r o o f  o f  P r o p o s i t i o n  3 -27  shows t h a t  t h e  c o n v e r s e  t o  t h i s  
th e o re m  i s  f a l s e  ,s i n c e  (y^)  i n  (d) i s  H i l b e r t i a n  and so by  
Theorem 3*20 (y^ a  y^ )  i n  (d)  8£ (d)  i s  s i m i l a r  t o  (e^ )  in  
c Q and i s  t h e r e f o r e  s h r i n k i n g .  However, (y^)  i s  n o t  
s h r i n k i n g .
IV. TENSOR DIAGONALS IN C [ 0 , 1 C [ 0 ,1]1 1 ■“ ■ | ' fc
T h is  c h a p t e r  i s  c o n c e rn ed  w i t h  t e n s o r  d i a g o n a l s  o f
“b a s e s  f o r  C [ 0 , 1 ] .  In p a r t i c u l a r ,  we show t h a t  i f  (0^)
d e n o t e s  t h e  u s u a l  S ch au d e r  “b a s i s  f o r  C [0 ,1 ]  [ 1 1 th e n
(0^ fl 0 In  C [0 ,1 ]  C[0 ,1 ]  i s  s i m i l a r  t o  t h e  b a s i s  
2
(0^) f o r  C [ 0 , 1 ] .  ( I t  i s  n o t  o b v io u s ,  o f  c o u r s e ,  t h a t  
2(0^)  i s  a b a s i s ) .  ’ We*also show t h a t  t h e r e  e x i s t  b a s e s  
(x^) and (y^) f o r  C [0 ,1 ]  such  t h a t  (x i  S y^)  i n  
C [0 ,1 ]  C [0 ,1 ]  i s  s i m i l a r  t o  ( e ^ ) In  c Q. Our p r o o f s
r e l y  h e a v i l y  on a knowledge o f  t h e  s p e c i f i c  form o f  a b a s i s -  
e lem e n t  0^.
We r e c a l l  t h a t  i f  M and N a r e  compact m e t r i c  
s p a c e s  t h e n  t h e r e  i s  an i s o m e t r i c  isom orph ism  
T:C(M) 8)e C(N) -* C(MxN) such  t h a t  T ®  wj.) -
E z ,w ,  and (| S z,  8 w, || = sup | ,  S-, z , ( s  )w, ( t ) |
i = l  1 1 i = l  1 1 ( s , t  j i n  MxN 1=1 1 1
m -
We w i l l  d en o te  by  I  t h e  c l o s e d  i n t e r v a l  [ 0 , 1 ]  and 
by  t h e  d i a g o n a l  o f  _a s q u a re  we s h a l l  a lways mean t h a t  one 
w h i c h . r u n s . f rom  t h e  lo w er  l e f t  hand t o  u p p e r , r i g h t  hand 
c o r n e r . o f . . t h e  s q u a r e . . .  The. t e rm  p o l y g o n a l  f u n c t i o n  w i l l  be 
u s e d  t o  d e s ig n a t e ,  a  f u n c t i o n  whose g r a p h  .is., a p o ly g o n a l
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l i n e  anci by  t h e  j o i n t s  o f  t h e  p o l y g o n a l  f u n c t i o n  we w i l l  
mean t h e  v e r t i c e s  o f  t h e  po lygon  w hich  i s  t h e  g rap h  o f  t h e  
f u n c t i o n .
P r o p o s i t i o n  4 . 1 :  F o r  any K > 0 and any se q u en ce  o f  s c a l a r s
( a ± ) '  ( 8 ® t ? l n I x I l l = °aiJ!, l(S)^ i ( t ) l  = S W>ll i o a i f4 ( s ) | -
P r o o f : The p r o o f  i s  by  i n d u c t i o n  on JC-
I f  K = 0 t h e  p r o p o s i t i o n  I s  t r u e  s i n c e  0 Q( s ) = 1
f o r  a l l  s i n  I .
One checks  v e r y  e a s i l y  t h a t  s i n c e  0 ^ ( b ) = s f o r  a l l  
s i n  I ,  t h e  p r o p o s i t i o n  i s  t r u e  when K = 1 .
Suppose t h e  p r o p o s i t i o n  i s  t r u e  f o r  K = 0 , 1 , 2, . . .  n - 1
where n = 2171 + v, m > 0 , l < v < 2 m. By d e f i n i t i o n  o f  t h e
f u n c t i o n s  (0^) we see  t h a t  f o r  a f i x e d  s Q i n  I*
n - 1
, 2  a*0i ( s )̂ 0 . i s  a p o ly g o n a l  l i n e  h a v in g  j o i n t s  a t  c e r t a i n  
1=0  1 -L o i
d y a d ic  r a t i o n a l s  and t h a t  t h e  a d d i t i o n  o f  t h e  t e r m  
an 0ri( so ) 0 r) s i mP l y  i n t r o d u c e s  a n o t h e r  j o i n t  be tween  
s u c c e s s i v e  j o i n t s  o f  t h e  f u n c t i o n  2  a i ^ i f s o ^ i *
We a l s o  n o t e  t h a t  t h e  f u n c t i o n  0n0n i n  C ( I x l )  
v a n i s h e s  o u t s i d e  t h e  s q u a re  Sn = x [p^5T 3 an(*
t h a t  t h e  d i a g o n a l  o f  l i e s  a l o n g  t h e  d i a g o n a l  o f  t h e
s q u a re  I x l .
A s im p le  c o n s i d e r a t i o n  o f  t h e  form o f  t h e  f u n c t i o n
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n - 1  1
2 aA0 . ( s  ) 0 .  shows t h a t  i t  i s  l i n e a r  on —].■■' S in c ei= o  1  i  o '  ' i  L 2 m 2
t h i s  i s  t r u e  f o r  any s Q i n  I  and t h e  same i s  t r u e  o f  
n - 1
t h e  f u n c t i o n  i Soa ij0 ^ ( s ) p i ( t o ) f o r  any t Q in  I  we see
n - 1
t h a t  t h e  f u n c t i o n  ^ oa±0±0^ can n e v e r  a t t a i n  i t s  norm s o l e l y
on t h e  i n t e r i o r  o f  t h e  s q u a re  . We w i l l  u se  t h i s  f a c t  
l a t e r  i n  t h e  p r o o f .
We a l s o  n o t e  t h a t  a s  a co nsequence  o f  t h e  above and
by  d e f i n i t i o n  o f  0n we have  t h a t  i f  s o i s  in
[-— jj* “ ] t h e n  t h e  f u n c t i o n  p i e c e w i s e
l i n e a r  on | 0 t i ,  going from th e  v a lu e  ” £oai ^ i ( s0 ) ^ i ^ )
a t  ^5T to  th e  v a lu e  i i 0a i ^ i ( s o ^ i ^ - ' 1 a t  f i S I  * and
i") X
t h e n  t o  t h e  v a l u e  a.,0 A ( sn)0A (™ ) a t  .i=o  i / i v gP-
Hence we see  t h a t  t h e  o n ly  p o i n t s  ( s Q> t)  i n  Sn a t  
w hich  l i | oa i ^ i ( s 0 ) ^ i ( t )l = IIJ 2 a i ^ i ^ i l l  a r e  on t h e  edSes
Ovi_l
o f  t h e  sq u a re  o r  on t h e  l i n e  y  = . By an e n t i r e l y
p\i— Xa n a lo g o u s  a rgum ent  we see  t h a t  t h e  o n l y  p o i n t s  (s , .  i n
Sn where | J ^ a . ^ (a )0± (-p= £ )| = II j ^ a *  J ^ l l  a re  on th e
2 vi-le d g e s  o f  Sn o r  on t h e  l i n e  x = ^ 'l  .
T h e r e f o r e  t h e  o n ly  p o i n t s  ( s , t )  i n  Sn f o r  w hich
l i l o a i ^ i ( s ) ^ i ( t ) l  = H i l 0 a i ^ l ^ i l l  a r e  on t h e  ed6 e s  o f  s n
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or a t  th e  p o in t  .
n
I t  f o l lo w s  th a t  i f  JE a A0 A0 A a t t a i n s  i t s  max on th ei =0 i ^ i ' i  -----------
2 v - l  p v - lI n t e r io r  o f  Sn then  i t  does so p r e c i s e l y  at (— —jjjpj)
and so || J o a 1^1^i || = I < sup j j ^ a ^  ( s ) | .
S ince sup | E a J ,  ( s ( t ) \ > sup | E a . ,^ ! f ( s ) | ,  we are done
( s , t )  i= o  1 x ±  0 i= o  x  -1
, ip ^ th is  c a s e .
Suppose | E sl^ 0 ^ 0 ^ \  does not a t t a in  i t s  max on th e  
i n t e r i o r  o f  S ^ T h e n  || ^ Qa ± f i ± f i $ \ \  ~
sup, I .E  a J ,  ( s ) 0 i  ( t ) I . However, s in c e  f o r  ( s , t ) / S  8 1= 0  x x x n( s 11 )0 Sn
E a A0 A ( s ) 0 . ( t )  = E a , ^  ( s ) 0 ,  ( t )  ( r e c a l l  n > 2 ) ,  t h i s  l a s t  
i= o  i= o
i s  < sup | E a i ^ i ( 0 )^ i( ' t )  I = || S
-  ( s , t ; i n  I x l  1=° 1 l= o  1 1 1
Now ( 0 ^ )  i s  monotone so ( 0 ^  0 0 ^ )  i s  a l s o  monotone,
and i t  f o l l o w s  from th e  above th a t  || Eq = || i ?.0 a ± ^ ± ^ ±  II •
n X X) X
By the in d u c t io n  h y p o th e s is  || = t^ -0ai ^ i  t s o ^ i ( s o^ I
f o r  some s Q in  I  and by an e a r l i e r  remark ( 0oj s o ) may
o
be assumed n o t  in  S .---------------------- n
T h ere fo re  | ( sQ (sQ) | = | V a ^  (s Q )0 ± ( sQ ) |
= H i i o aA < M  = I' i l o a l ^ l H  ’ S in ee  i J o ^ i ^ o ^ i ^ o ) !  <
n. 2 n 2
sspli=0ai^i(s)l we must have II iib aî î ill = ŝ liIoaî î s^
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and  by i n d u c t i o n  t h e  p r o p o s i t i o n  i s  p r o v e d .
2
P r o p o s i t i o n  4 . 2 :  The s e t  (0^) _is f u n d a m e n ta l  i n  C [0 ,1 ]
 2—
( U e .  [0±] = C [ 0 , 1 ] ) ;
P r o o f : We show e v e ry  k. 0^ can  be ap p ro x im a ted  in  norm
a r b i t r a r i l y  c l o s e l y  by a l i n e a r  c o m b in a t io n  o f  f u n c t i o n s  in  
2
t h e  s e t  (0^) .
An i n d i c a t i o n  o f  t h e  p r o o f  f o r  t h e  f u n c t i o n  0 2 i s
g i v e n .  I t  i s  c l e a r  from t h e  d e f i n i t i o n  o f  t h e  f u n c t i o n s
(0^) t h a t  an an a lo g o u s  p r o o f  i s  v a l i d  f o r  a r b i t r a r y  0^
*  ■ *
a l t h o u g h  t h e  n o t a t i o n  becomes e x t r e m e ly  cumbersome.
For  any x in  C [0 ,1 ]  d e f i n e  g (x) =
' 2  +v m
x ( f f fT >  -  i x -  5  x and 0 2 || .
U s ing  t h e  d e f i n i t i o n s  o f  t h e  f u n c t i o n s  (0 and s t a n d a r d
max and min t e c h n i q u e s  o f  c a l c u l u s  one may r e a d i l y  v e r i f y
^  2
t h a t  fo r  any m > l  || 2 g ^ C ^ ^ k  " 2̂  ̂ ® * Hence ^2k—2 2r
2
i s  i n  [ 0 s ] ,  and s i n c e  we ch o s e  0r, o n l y  f o r  n o t a t i o n a l
2
c o n v e n ie n c e  we see  t h a t  0^  I s  i n  [0 f o r  a l l  k .  Hence 
(0 j )  i s  f u n d a m e n ta l  i n  C [ 0 , 1 ] ,
Theorem 4 . 3 :  The t e n s o r  d i a g o n a l  (0  ̂ Si 0^)  i n
2
C[0 , 1 ]  fiie C[0 , 1 ]  I s  s i m i l a r  t o  t h e  b a s i s  (0^) f o r  C [ 0 , 1 ] .
n n 2
P r o o f :  By P r o p o s i t i o n  4 . 1  H 2 a40 ASi0A\ = II S a*0A\  ._ -I X X X  —n X X
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2
Hence t h e r e  I s  an I s o m e t ry  -> [0^ a  0^] su c h  t h a t
T ( ^ i )  = 0± ® 0± • S in ce  (0^ a  0^) i s  a b a s i c  se q u en ce  and
2 2 
s i n c e  [0^] = C [ 0 ,1 ]  ( P r o p o s i t i o n  4 . 2 ) ,  i t  f o l l o w s  t h a t  (0^)
i s  a b a s i s  f o r  C [0 ,1 ]  w h ich  i s  s i m i l a r  t o  (0^ St 0^) in
C[ 0 , 1 ]  C [ 0 ,1 ] .
Remark 4 . 4 :  I t  would be v e r y  i n t e r e s t i n g  t o  know w h e th e r
C [0 ,1 ]  has  a b a s i s  (x^) s u c h  t h a t  (x^ a  x^) i n  
• C[0 ,1]®€ C[0 ,1 ]  I s  o f  t y p e  wcQ o r ,  s t r o n g e r  s t i l l ,  s i m i l a r  
t o  ( e i ) In  cq . F o r ,  i f  x i  a  x i  i s  o f  t y p e  wcQ t h e n  (xi ) i s  
o f  t y p e  wcQ, ( P r o p o s i t i o n  1 . 1 4 ) ,  an s w e r in g  a q u e s t i o n  r a i s e d  
by  F o i a s  and S i n g e r  [11] ,  w h i l e  i f  (x^ a  x^)  i s  s i m i l a r  t o  
(e^) i n  cq t h e n  b y  P r o p o s i t i o n  3 .2 2  (x i ) i s  H i l b e r t i a n  and 
a p ro b le m  r a i s e d  by  P e l c z y n s k i  would be  so lv e d  [ 2 6 ] .
The s t i p u l a t i o n  t h a t  we c o n s i d e r  o n l y  t h e  d i a g o n a l  o f  
t h e  t e n s o r  p r o d u c t  o f  a b a s i s  w i th  I t s e l f  i s  e s s e n t i a l  in  
t h e  p r e v i o u s l y  m en t io n e d  p r o b le m s .  Our n e x t  r e s u l t  shows 
t h a t  t h e r e  e x i s t  b a s e s  (x^) and (y^) f o r  C [0 ,1 ]  whose 
d i a g o n a l  (xi  a  y^)  in  C [0 ,1 ]  a £ C[0 ,1 ]  i s  s i m i l a r  t o  (e^) in
F o r  m > 3 we w i l l  c a l l  t h e  s e t  o f  2m f u n c t i o n s
om
(0 V a b l o c k  o f  S ch au d e r  f u n c t i o n s .
2ra+ I  1=1 -------------------------------------------------
Lemma 4 . 5 :  Any r e a r r a n g e m e n t  (y^) = (0p ) o f  t h e  b a s i s
(0^) w h ich  i s  o b t a i n e d  by p e r m u t in g  o n l y  t h e  f u n c t i o n s
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(0 _ ) w i t h i n  a b l o c k  ( i . e .  f o r  each  1 < k  < Sp1 t h e r e
2 + i  i = l
e x i s t s  a u n iq u e  l < 4 < 2m such  t h a t  y  „  = 0  „  ) i s  a
--------------------------------------------   _  2^+k 2T+t
monotone b a s i s  f o r  C [ 0 , 1 ] ,
P r o o f : The p r o o f  f o l l o w s  im m e d ia te ly  from a c o n s i d e r a t i o n
o f  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  g rap h  o f  a l i n e a r
c o m b in a t io n  o f  Schauder  f u n c t i o n s .
n
In  f a c t ,  f o r  any n ^E^a^y^ w i l l  be a p o ly g o n a l
f u n c t i o n  w i th  j o i n t s  a t  c e r t a i n  d y a d ic  r a t i o n a l .  Because
o f  t h e  manner In  which t h e  s e t  (0^) i s  pe rm u ted  t o  o b t a i n
(y±)  ( i . e .  p e r m u t in g  o n ly  w i t h i n  b l o c k s  o f  S ch au d e r
f u n c t i o n s )  one e a s i l y  may c o n v in c e  o n e s e l f  t h a t  t h e  e f f e c t
n
o f  t h e  a d d i t i o n  o f  t h e  t e r m  an+i y n + i  'fco j ?  a i y i  i s  t o
n
i n t r o d u c e  a n o t h e r  j o i n t  be tw een  a d j a c e n t  j o i n t s  o f
n+1  °
and t h e r e f o r e  can  o n ly  make t h e  norm o f  ^S^a^y^ g r e a t e r
n
t h a n  o r  e q u a l  t o  t h a t  o f  ^S^aj^y^. Hence (y^)  w i l l  be  a 
monotone b a s i s  f o r  C [ 0 , 1 ] ,
Now f o r  any  such p e r m u t a t i o n  (y i ) o f  (0^) l e t
Kj = f ( s , t ) i n  l x l | 0 j ( s ) y i ( t ) 0 0 ) .  By d e f i n i t i o n  o f  t h e
b a s i s  (0j_) t h e  s e t  Kj i s  a s q u a re  In  I x l .
R e c a l l  t h a t  t h e  f u n c t i o n  0  _ ( s )  0  ( t )  v a n i s h e s
2T+p sP+q
on I x l  e x c e p t  on t h e  s q u a r e  E—] x -%] . U s inggin 2^  ^ ^
t h i s  f a c t  we w i l l  d e t e r m in e  a p e r m u t a t i o n  (y i ) o f  (0^)
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a c c o r d i n g  t o  t h e  c o n d i t i o n s  o f  Lemma 4 . 5  w i t h  t h e  p r o p e r t y  
t h a t  f o r  j ,m  > 5 , j  0  m, fl i s  em pty .  To do t h i s  we
e x h i b i t  t h e  f o l l o w i n g  d ia g ra m  which  i n d i c a t e s  how t o  choose  
t h e  s e t s  (Kj) w i t h  t h e  d e s i r e d  p r o p e r t i e s .  We t h a n  s e t  
y^ = 0^ f o r  i  = 0 , 1 , 2 , 3 , 4  and t a k e  a s  o u r  p e r m u ta t io n  
(y^) o f  (0^) t h a t  one which  y i e l d s  f o r  i  > 5 t h e  s e t s  {K. ]̂ 
i n d i c a t e d  in  t h e  d ia g ra m .  The f a c t  t h a t  t h e r e  _is such  a 
p e r m u t a t i o n  i s  o b v io u s  f rom t h e  d e f i n i t i o n  o f  t h e  Schauder  
f u n c t i o n  0  a s  one which  v a n i s h e s  o f f  t h e  i n t e r v a l
2m+ i  
 ̂ 2m * 2m '
Now by Lemma 4 . 5  t h e  s e t  (y^) i s  a b a s i s  f o r  C [0 ,1 ]  
w i th  t h e  p r o p e r t y  . t h a t  f o r  m,n > 5 , || ® y i || =
sup | 2  a ^ . C s J y . f t ) !  = sup | 2 a . 0 ± ( s ) y .  ( t ) | =
( s i t )  i=m Uk^ i=m
m<i<n
sg£ I ( s ) y i ( t ) |  = ms u ^  | a^l  . Hence (0± fi y ± ) in
m<i<n.
C[0 ,1 ]  fii£ C [0 ,1 ]  i s  s i m i l a r  t o  (e^)  i n  c Q.
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V . REFLEXIVE TENSOR PRODUCTS
I n  t h i s  c h a p t e r  we c o n s i d e r  t h e  t o p i c  o f  r e f l e x i v i t y  
o f  t e n s o r  p r o d u c t s  o f  Banach s p a c e s .  S in c e  each  o f  X and Y 
i s  i s o m e t r i c a l l y  embedded i n  X 0  Y f o r  any c ro s s n o rm  a ,CL
i t  f o l l o w s  t h a t  i f  X Y i s  r e f l e x i v e  t h e n  b o t h  X and Y a r ea
a l s o .  However a s  we have seen  i n  Theorem 3*5 (among many 
o t h e r  e x a m p le s ) ,  J;he t e n s o r  p r o d u c t s  X fl Y and X Y 
o f  r e f l e x i v e  s p a c e s  a r e  In  g e n e r a l  n o t  r e f l e x i v e .
In  f a c t ,  u n t i l  now i t  seems t o  have been  an open 
p ro b le m  w h e th e r  t h e r e  e x i s t  i n f i n i t e  d im e n s io n a l  s p a c e s  X 
and Y such  t h a t  X $S£ Y o r  X J0T Y i s  r e f l e x i v e .  Our main 
r e s u l t  (Theorem 5*1) g i v e s  a n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n  f o r  X Y t o  be  r e f l e x i v e  i n  t h e  c a s e  where X 
and Y have b a s e s .  As c o r o l l a r i e s  t o  t h i s  t h e o re m  we o b t a i n  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  X Y and j£(X,Y), 
t h e  sp a ce  o f  a l l  c o n t i n u o u s  l i n e a r  m appings  f rom  X t o  Y, 
t o  b e  r e f l e x i v e .  U s ing  t h e s e  r e s u l t s  and a th e o re m  o f  P i t t  
[ 2 9 ] ,  we g i v e  exam ples  o f  r e f l e x i v e  t e n s o r  p r o d u c t s  o f  
i n f i n i t e  d im e n s i o n a l  Banach s p a c e s  and  i n f i n i t e  d im e n s io n a l  
s p a c e s  X and Y f o r  which  sd(X,Y) i s  r e f l e x i v e .  O th e r  
c o r o l l a r i e s  c o n c e r n i n g  r e f l e x i v i t y  o f  X Y, X Y and 
sd(X, Y) a r e  a l s o  g i v e n .




Banach space  X w i t h  a "basis  (xi ) i s  r e f l e x i v e  i f  and o n ly  i f  
(x^)  i s  b o t h  s h r i n k i n g  and b o u n d ed ly  c o m p le te .  O th e r  
r e s u l t s  c r u c i a l  t o  our  work i n c l u d e  t h o s e  o f  S c h a t t e n  on t h e  
r e p r e s e n t a t i o n  o f  t e n s o r  p r o d u c t s  and- t h e i r  d u a l s  a s  sp a ces  
o f  c o n t in u o u s  l i n e a r  maps ( I n t r o d u c t i o n ,  I I )  and t h e  above 
q u o te d  th e o re m  o f  P i t t  t h a t  e v e ry  c o n t i n u o u s  l i n e a r  map f rom  
JtP t o  t r  i s  compact i f  l < r < p <  + »  [ 2 9 ] ( s e e  a l s o  [61).
Theorem 5 .1 :  L e t  X and Y be r e f l e x i v e  s p a c e s  wi t h  b a s e s ,
Then X Y _is r e f l e x i v e  i f  and o n l y  i f  e v e ry  c o n t in u o u s  
l i n e a r  map T:X -> Y j ls  c o m p a c t .
P r o o f : L e t  an<* "bases f o r  X and Y
r e s p e c t i v e l y .  Then by J a m e s '  th e o re m  ( f ^ )  i s  a b a s i s  f o r  
X and (g^) i s  a b a s i s  f o r  Y .
Suppose X Y i s  r e f l e x i v e .  Then t h e  b a s i s  
( x ^ g y ^ ,  must be  s h r i n k i n g ,  so ( f ^ f l g j )  i s  a b a s i s
f o r  (X f i^Y )* .  Now ( f ^ ® g j )  i s  a l s o  a  b a s i s  f o r  
X* Y*, a c l o s e d  s u b s p a c e  o f  (x Y )* ,  so i t  f o l l o w s
t h a t  X* Y* = (X Y )* .
\ *S c h a t t e n  h as  shown t h a t  (X Y) i s  t h e  space  o f
a l l  c o n t in u o u s  l i n e a r  m appings  f rom X t o  Y w h i l e
# # *X Y i s  t h e  space  o f  a l l  m appings  f rom X t o  Y w hich
can be a p p ro x im a te d  ( in  o p e r a t o r  norm) by  f i n i t e
d im e n s io n a l  maps, i . e .  t h e  sp ace  o f  a l l  compact maps from
■X-
X t o  Y , s i n c e  Y h as  a b a s i s .  T h e r e f o r e  e v e r y  c o n t in u o u s
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l i n e a r  map f ro m  X t o  Y i s  com pac t .
C o n v e r s e ly ,  i f  e v e r y  c o n t i n u o u s  l i n e a r  map f ro m  X
*
t o  Y i s  compact  t h e n  by  th e  r e m a rk s  above we must have 
X*f&G Y* = (X Y)* and  ( f^  a  "being a  b a s i s  f o r
X* ®e Y*, i s  a b a s i s  f o r  (x Y )* .  That i s ,  t h e  b a s i s  
(x^ fl Yj) f o r  X Y i s  s h r i n k i n g .  S ince  b y  Theorem 2 .1  
t h i s  b a s i s  i s  b o u n d e d ly  c o m p l e t e , i t  f o l l o w s  b y  J a m es 1 
th e o re m  t h a t  X a „  Y i s  r e f l e x i v e .7T
We w i l l  now u s e  Theorem 5*1 bo c h a r a c t e r i z e  t h o s e  
s p a c e s  X fl Y which a r e  r e f l e x i v e .  The f o l l o w i n g  lemma 
w hich  i s  a s im p le  consequence  o f  G r o t h e n d i e c k 1s th e o re m  
( I n t r o d u c t i o n )  w i l l  b e  needed .
Lemma 5*2: L e t  X a n d  Y be B anach  s p a c e s  w i th  b a s e s .
Then X a g Y _is r e f l e x i v e  i f  and  o n ly  i f  X* a ^  Y* i s  
r e f l e x i v e .
P r o o f : By G r o t h e n d i e c k ' s  th e o re m  (Xa^Y) = X * a?rY i f
e i t h e r  X fi_ Y o r  X* a „  Y* i s  r e f l e x i v e .  The lemma€ 71
f o l l o w s  im m e d ia t e l y .
C o r o l l a r y  5*3:  L e t  X and Y b e  r e f l e x i v e  sp a c e s  w i t h  
b a s e s . Then X a g Y ies r e f l e x i v e  i f  and o n l y  i f  e v e r y  
c o n t in u o u s  l i n e a r  map T:X -»Y i s  co m p ac t .
P r o o f ; By Lemma 5 .2  X a £ Y i s  r e f l e x i v e  i f  and o n l y  i f
# * * *
X a ^  Y i s  r e f l e x i v e .  Since X and Y each  h a v e  b a s e s
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i t  f o l l o w s  f rom  Theorem 5*1 t h a t  X flT Y I s  r e f l e x i v e  i f  
and o n ly  i f  e v e r y  c o n t i n u o u s  l i n e a r  map from  X t o  (Y ) = Y 
i s  com pac t .  The c o r o l l a r y  i s  p r o v e d .
U s in g  Theorem 5 . 1  and C o r o l l a r y  5 ,3  we w i l l  g i v e  t h e  
f i r s t  exam ples  (known t o  u s )  o f  r e f l e x i v e  t e n s o r  p r o d u c t s  
o f  i n f i n i t e  d im e n s io n a l  Banach s p a c e s  i n  t h e  e and ir 
t o p o l o g i e s .
P r o p o s i t i o n  5 .4 :  L e t  l < p , r <  + «> . Then -tp 8 .̂ t r  i s
r e f l e x i v e  i f  and o n ly  i f  p > -— j  .
P r o o f : By Theorem 5*1 8̂ . i s  r e f l e x i v e  i f  and o n ly
r
i f  e v e ry  T:-tp -*<t r “ -** i s  com pac t .  However, t h i s  l a s t  i s
t r u e  i f  and o n ly  i f  p > — by P i t t ' s  th e o re m .r - 1
P r o p o s i t i o n  5 . 5 : L e t  l < p , r <  + «> . Then <tp l r  i s
r e f l e x i v e  i f  and o n ly  i f  > r .
P r o p o s i t i o n  5 .5  t o g e t h e r  w i t h  an e a r l i e r  r e s u l t  on t h e  
d i a g o n a l  ( e i  a  e i ) i n  <tp t T p r o v i d e s  an i n t e r e s t i n g  
c h a r a c t e r i z a t i o n  o f  t h e  s p a c e s  «tp -fcr  w hich  a r e  
r e f l e x i v e  i n  t e rm s  o f  t h e  r e f l e x i v i t y  o f  [ e ^  S e ^ ] .
P r o p o s i t i o n  5 <6 : L e t  l < p , r < + ° °  , Then <tp £ r  i s  
r e f l e x i v e  i f  and o n ly  i f  [ e ^  8 e i ] I s  r e f l e x i v e .
P r o o f ; I t  f o l l o w s  f rom  P r o p o s i t i o n  5 .5  t h a t  £ p i s
r e f l e x i v e  i f  and o n ly  i f  — > r .  S in ce  we showed in
r
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T heorem  3*5 t h a t  [ & e^ ]  i s  r e f l e x i v e  i n  Ap Ap i f  and
o n l y  i f  > r ,  we h av e  t h e  d e s i r e d  r e s u l t .
Remark 5 - 7 :  F o r  a r b i t r a r y  s p a c e s  X and  Y w i t h  b a s e s  (x^)
and  (y ^ )  r e s p e c t i v e l y  i t  i s  n o t  t r u e  t h a t  i f  [ x ^  S y ^ ]  i n
X SL Y i s  r e f l e x i v e  t h e n  X Y i s  r e f l e x i v e .e €
I n  f a c t  we h a v e  shown ( P r o p o s i t i o n  3*3 )  t h a t  i f
(x^ )  i s  an u n c o n d i t i o n a l  b a s i s  f o r  a r e f l e x i v e  s p a c e  X and
( e ^ )  i s  t h e  u n i t  v e c t o r  b a s i s  o f  Ap then ,  [ x ^  fi e ^ ]  i s
1 1 r e f l e x i v e  i n  X fir I  . However ,  X i s  c e r t a i n l y  n o tfc €
r e f l e x i v e .
P r o b l e m : I f  X and  Y a r e  r e f l e x i v e  s p a c e s  w i t h  b a s e s  (x i ) 
and  (y.^) an d  [ x i  & y i ] in. X Y i s  r e f l e x i v e ,  i s  
X Sie Y r e f l e x i v e ?
We now a p p l y  T heorem  5 . 1  t o  o b t a i n  a n e c e s s a r y  and  
s u f f i c i e n t  c o n d i t i o n  f o r  t h e  s p a c e  s£(X,Y) t o  b e  r e f l e x i v e .
C o r o l l a r y  5 . 8 : L e t  X and  Y b e  r e f l e x i v e  B an ach  s p a c e s
w i t h  b a s e s .  Then sd(X,Y) _is r e f l e x i v e  i f  and  o n l y  i f  e v e r y  
c o n t i n u o u s  l i n e a r  map f ro m  X i^o Y jLs c o m p a c t .
* -X-
P r o o f : As we hav e  m e n t io n e d  e a r l i e r ,  (X 10  ̂ Y ) =:£(X,Y ) =
¥■ *
s£(X,Y) ( s i n c e  Y i s  r e f l e x i v e ) .  Wow (x Y ) i s  
r e f l e x i v e  i f  and o n l y  i f  X fii  ̂ Y* i s  r e f l e x i v e ,  and  t h i s  
l a s t  i s  t r u e  i f  and  o n l y  i f  e v e r y  c o n t i n u o u s  l i n e a r  map 
f ro m  X t o  Y = Y i s  com pac t  (Theorem  5 . 1 ) .
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U s in g  C o r o l l a r y  5 . 8 , we a r e  a b l e  t o  d e m o n s t r a t e  t h e  
f i r s t  exam ple  (known t o  u s )  o f  i n f i n i t e  d i m e n s i o n a l  s p a c e s  
X and  Y s u c h  t h a t  sd(X,Y) i s  r e f l e x i v e .
P r o p o s i t i o n  . 5 . 9 :  L e t  l < p , r <  + w . Then i s
r e f l e x i v e  i f  and  o n l y  i f  p > r .
P r o o f : I f  p > r  t h e n  b y  P i t t ' s  t h e o r e m  e v e r y  T:<fc^-*4r
i s  c o m p a c t .  Hence b y  C o r o l l a r y  5*8* =£ { t P fA>r ) i s  r e f l e x i v e .
I f  p < r  t h e n  t h e  n a t u r a l  I n j e c t i o n  i s
c o n t i n u o u s  b u t  c e r t a i n l y  n o t  c o m p a c t ,  an d  a g a i n  b y  C o r o l l a r y  
5 . 8  j£(<tp ,<fcr ) i s  n o t  r e f l e x i v e .
R e c a l l  t h a t  a  m ap p in g  T :X-»Y i s  c a l l e d  H i l b e r t i a n  
i f  t h e r e  e x i s t s  a H i l b e r t  s p a c e  H and  m app ings
T -^ X - iH ,  T2 :H-*Y f o r  w h ic h  T = T ^  [ 2 2 ] .
P r o p o s i t i o n  5 .1 0 :  L e t  X and  Y be  r e f l e x i v e  s p a c e s  w i t h
b a s e s  X and  Y s u c h  t h a t  e v e r y  T:X -* Y _is H i l b e r t  i a n  and
a t  l e a s t  one o f  t h e  f o l l o w i n g  h o l d s :
p
( i )  e v e r y  S:X*+-t i s  c o m p a c t .
P
( i * )  e v e r y  S :£  -* X i s  c o m p a c t .
Then s£(X,Y) jLs r e f l e x i v e .
P r o o f : L e t  T b e  i n  s£(X ,Y) . Then s i n c e  T I s  H i l b e r t I a n
T -  T2  0 T-]_ (w here  T̂ _ and T2  a r e  a s  a b o v e ) . I f  ( i )  h o l d s ,
t h e n  s i n c e  t h e  r a n g e  o f  T^ i s  c o n t a i n e d  i n  a s e p a r a b l e  
s u b s p a c e  o f  H we m u s t  h a v e  T ^ ,  and  t h e r e f o r e  T ,  i s
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co m p ac t .  By C o r o l l a r y  5 .8  sd(X,Y) I s  r e f l e x i v e .
A s i m i l a r  a rgum ent  e s t a b l i s h e s  t h e  r e s u l t  i f  ( i i )  
i s  t r u e .
An im m edia te  co n seq u en ce  o f  P r o p o s i t i o n  5 .10  and 
P i ' t t 1 s th e o re m  i s
C o r o l l a r y  5 .11 :  L e t  2 < p. <C + 00 and l e t  X be a  r e f l e x i v e
1 ■ _ .1 - -----■ ■ ■ - t ' *
sp a ce  w i t h  _a b a s i s  such  t h a t  e v e ry  T : Sp ■* X ijs H i l b e r t i a n  . 
Then sd(j&P ,X) _is r e f l e x i v e .
C o r o l l a r y  5 .1 2 :  L e t  2 < p < + « > ,  l < r < 2 .  Then
sd(.ep ,L r [ 0 , l ] ) i s  r e f l e x i v e .
P r o o f : By a th e o re m  o f  L i n d e n s t r a u s s  and P e l e z y n s k l  [ 2 2 ] ,
e v e ry  T: JtP -* Lr [ 0 , 1 ]  i s  H i l b e r t i a n .
C o r o l l a r y  5 .1 3 :  L e t  1 <  p < 2 and l e t  X be r e f l e x i v e  w i t h
jj b a s i s  such  t h a t  e v e ry  T : X •* Xp _is H i l b e r t i a n . Then 
s£(X,j&p ) i s  r e f l e x i v e .
P r o o f : Apply P i t t ' s  th e o re m  and c o n d i t i o n  ( i i )  o f
P r o p o s i t i o n  5 .1 0 .
C o r o l l a r y  5*1^: L e t  1 < p < 2 and 2 < r  <+«> . Then
s£(Lr [ 0 , l ] ,  jep ) i s  r e f l e x i v e .
P r o o f : By t h e  th e o re m  o f  L i n d e n s t r a u s s  and P e l c z y n s k i ,  e v e r y
T :Lr [ 0 , 1 ]  -> sp i s  H i l b e r t i a n  [ 2 2 ] .
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Remark 5 .15:  In  C o r o l l a r y  5 .1 2  we showed ^ ( i p ,L r [ 0 , 1 ] )  I s
r e f l e x i v e  i f  2 < p < + »  and l < r < 2 .  F o r  such p ,  r  i t  
i s  n o t  t r u e  t h a t  s£(Lr [ 0 , l ] , A*5) i s  r e f l e x i v e .
In  f a c t ,  Lr [ 0 , l ]  h a s  an u n c o n d i t i o n a l  b a s i s  (h^)
( e . g .  t h e  Haar  f u n c t i o n s  [2 3 ] )  w i th  a  su b se q u en ce  (h )
i
s i m i l a r  t o  (e^)  i n  &T [ 1 9 ] .  Hence t h e  mapping
T :L r [ o ,  1] ■* Sp d e f i n e d  by  T = IP  where  P :L r [ 0 , 1 ]  -♦ j&r  i s
t h e  c o r r e s p o n d i n g  p r o j e c t i o n  o f  Lr [ 0 , l ]  o n to  HT and
i:j&r -M p i s  i n j e c t i o n  i s  n o t  com pact .  T h e r e f o r e
by  C o r o l l a r y  5*8* ^ ( L r [ 0 , 1 ] ,  ) i s  n o t  r e f l e x i v e  ( f o r
1 < r  < 2 , 2 < p < + 00 ) .
S i m i l a r l y ,  th o u g h  *£(Lr [ 0 , 1 ] ,  j&̂ ) i s  r e f l e x i v e  f o r  
2 < r <  + °° and 1 < p < 2 , i t  i s  e a s i l y  seen  t h a t  s£(j6p ,L r [ 0 , 1 ] )  
i s  n o t  r e f l e x i v e  f o r  such  p , r .
I n  l i g h t  o f  t h e s e  exam ples  and t h e  g e n e r a l  d i f f i c u l t y  
i n  f i n d i n g  i n f i n i t e  d im e n s io n a l  s p a c e s  X and Y f o r  which 
sd(X,Y) i s  r e f l e x i v e  we p o s e  t h e  f o l l o w i n g  p rob lem :
P ro b le m : I f  X and Y a r e  r e f l e x i v e  w i t h  b a s e s  and b o t h
s£(X,Y) and s£(Y,X) a r e  r e f l e x i v e *  m ust  e i t h e r  X o r  Y be  
f i n i t e  d im e n s io n a l ?
In  v i r t u e  o f  C o r o l l a r y  5 .8  t h i s  p ro b lem  i s  e q u i v a l e n t  
t o  t h e  p rob lem :  I f  e v e r y  T:X-*Y i s  compact  and e v e ry
S:Y->X i s  com pac t ,  must one o f  X and  Y be  f i n i t e  
d im e n s io n a l?  T h i s  q u e s t i o n ,  f o r  a r b i t r a r y  Banach s p a c e s  X
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and Y, h a s  been  a s k e d  by  P e l c z y n s k i  a t  t h e  Sopot C o n fe re n c e .
Our n e x t  r e s u l t s  a r e  s im p le  c o n s e q u e n c es  o f  t h e  
. . p r e c e d in g  t h e o r e m s .
C o r o l l a r y  5 . 1 6 : L e t  X be a. r e f l e x i v e  i n f i n i t e  d im e n s io n a l
-x-
space  -with a. b a s i s . Then n e i t h e r  X Sy X n o r  X X 
i s  r e f l e x i v e .
# M-
P r o o f : N e i t h e r  t h e  e v a l u a t i o n  map J:X-» (X ) n o r  t h e
i d e n t i t y  map I:X*-*X* i s  com pac t .  A pply  Theorem 5 .1  and 
C o r o l l a r y  5*3*
C o r o l l a r y  5 .17: L e t  and Hg be i n f i n i t e  d im e n s io n a l
H i l b e r t  s p a c e s . Then n e i t h e r  fle Hg n o r  Hg i s
r e f l e x i v e .
' P r u o f : C l e a r l y  z 2 e H-̂  and z 2 c Hg. T h e r e f o r e  
Z 2 a_ Z 2 c  Hn H0  and s i n c e  Z 2 â  Z 2 I s  n o t  r e f l e x i v e£ JL € d. €
( C o r o l l a r y  5 . 1 6 ), i t  f o l l o w s  t h a t  a£ Hg i s  n o t  r e f l e x i v e .  
But a£ Hg = Hx ®e Hg and H1 &e Hg c a^ H2) . T h e re -
*
f o r e  1 H^ Hg i s  n o t  r e f l e x i v e .
N o te : C o r o l l a r y  5 .17  was p ro v e d  by  G ro th e n d ie c k  i n  a
d i f f e r e n t  manner [ 1 5 #P*^9 3 »
The f o l l o w i n g  r e s u l t  i s  i n t e r e s t i n g  in. v iew o f  o u r  
examples  o f  i n f i n i t e  d im e n s io n a l  sp a ce s  X and Y f o r  which  
. *£(X,Y) i s  r e f l e x i v e .
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C o r o l l a r y  5 . 1 8 : L e t  X be r e f l e x i v e  i n f i n i t e  d im e n s io n a l
space  w i t h  a b a s i s . Then ^(X ,X )  jLs n o t  r e f l e x i v e .
P r o o f : Apply C o r o l l a r y  5*8*
We now w ish  t o  r e l a x  somewhat t h e  r e s t r i c t i o n s  on t h e  
s p a c e s  c o n s i d e r e d .
P r o p o s i t i o n  5 •19*- L e t  X be  _a r e f l e x i v e  sp ace  and X^ a. 
sub s p a c e  w i t h  _a b a s i s . Then X^ X* _is n o t  r e f l e x i v e .
P r o o f : Suppose X-̂  X i s  r e f l e x i v e .  Then (X^Si^X*)
i s  r e f l e x i v e  and s i n c e  X^ X^ c  X^ X -  X^ X** c  (X-j^S^X*) 
we m ust  have X^ X^ i s  r e f l e x i v e ,  a c o n t r a d i c t i o n  t o  
C o r o l l a r y  5 . 1 6 .
C o r o l l a r y  5 .2 0 :  L e t  X be  _a r e f l e x i v e  i n f i n i t e  d im e n s io n a l
Banach s p a c e . Then t h e r e  e x i s t s  _a r e f l e x i v e  space  Y such  
t h a t  Y X i s  n o t  r e f l e x i v e .
—  - t  1 ■ - -
P r o o f : By a r e s u l t  o f  Gelbaum [12]  t h e  space  X c o n t a i n s  a
b a s i c  seq u en ce  (x^)  . L e t  Y = [x ^ ]  . Then i f  Y X were 
r e f l e x i v e ,  [ x ± ] X = [ x ± ] X = ( [ x ± ] » e X) = (Yflg X) 
would b e  r e f l e x i v e ,  a c o n t r a d i c t i o n  t o  P r o p o s i t i o n  5*19-
P r o p o s i t i o n  5 .21 :  L e t  X be  ja r e f l e x i v e  space  h a v in g  a.
sub s p a ce  Y w i th  _a b a s i s  such t h a t  t h e r e  i s  a c o n t in u o u s  
l i n e a r  mapping T : X £--■?> y  ( e . g .  i f  Y _is complemented in  
X) . Then n e i t h e r  X X* n o r  X fiC X* i s  r e f l e x i v e .'  ■■ c  ■ 11 7T   — ■ —
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P r o o f : The h y p o th e s e s  im p ly  Y c  X [ 3 2 , p . l 6 l ] .  Hence
Y fl, Y* c  X SL X* and by  C o r o l l a r y  5 .1 6  X Sic X i s  n o t€ £ c
r e f l e x i v e .
*)f 'Jf ‘If y
S in c e  X ®e X = X &e X c  (X X ) i t  f o l l o w s  
*
t h a t  X X i s  n o t  r e f l e x i v e .7r
We c o n c lu d e  t h i s  c h a p t e r  w i t h  some rem ark s  on 
r e f l e x i v i t y  o f  c e r t a i n  t e n s o r  p r o d u c t s  and on s h r i n k i n g  and 
b o u n d e d ly  co m p le te  b a s e s  i n  t e n s o r  p r o d u c t  s p a c e s .
P r o p o s i t i o n  5 .22 :  L e t  1 < r  < + «» and 1 < s < + «  . Then 
Lr r o , l ]  fit Lsro , l ]  and Lr [ 0 , l ]  LS[ 0 , 1 ]  a r e  n o t
6  ■ - 7T J T —
r e f l e x i v e .
P r o o f : I t  i s  w e l l  known t h a t  l 2 c  L ^ [ 0 ,1 ]  f o r  e v e ry
1 < p < + w [ 2 2 ] .  Hence JL2 jfc2 c Lr [ 0 , 1] LS[ 0 , 1 ]  f o r  a l l
1 < r  < +00 , l < s <  + oo, and by  C o r o l l a r y  5 .1 7  Lr [ 0 , l ]  S£ LS[ 0 , 1 ]  
i s  n o t  r e f l e x i v e .
Wow s i n c e  Lr [ 0 , l ]  and LS[ 0 , 1 ]  each  have  b a s e s ,
r  _ s #
Lr [ 0 , 1 ]  LS[ 0 , 1 ]  = (L*"1̂ 1  [ 0 , 1 ]  fl€ L ^ C O , ! ] )  and by 
t h e  above Lr [ 0 , l ]  LS[ 0 , 1 ]  i s  n o t  r e f l e x i v e .
7r
P r o p o s i t i o n  5 . 2 2  sh o u ld  be  c o n t r a s t e d  w i t h  P r o p o s i t i o n s  
5 .4  and 5 >5 *
The o n ly  b a s e s  f o r  t e n s o r  p r o d u c t  s p a c e s  which we 
have c o n s i d e r e d  i n  t h i s  p a p e r  a r e  t h o s e  o f  t h e  form 
(x1 ® Y-j) where (x.^) i s  a b a s i s  f o r  X and (y^) a
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b a s i s  f o r  Y. F o r  a l a r g e  c l a s s  o f  s p a c e s  we can p ro v e  t h e  
e x i s t e n c e  o f  b a s e s  which  a r e  n o t  o f  t h i s  fo rm .
P r o p o s i t i o n  5*23: L e t  X and Y be r e f l e x i v e  s p a c e s  w i th
b a s e s  su c h  t h a t  X Y jLs n o t  r e f l e x i v e . Then X ®6 Y 
h a s  j i  b a s i s  which  i s  n o t  a t e n s o r  p r o d u c t  (x i  ® y  ̂ ) o f  
b a s e s  (x^)  _in X and (yi ) _in Y.
P r o o f : S in c e  X and Y a r e  r e f l e x i v e  e v e r y  b a s i s  in  each
o f  t h e s e  s p a c e s  i s  s h r i n k i n g .  T h e r e f o r e  by Theorem 1 .4  
e v e ry  t e n s o r  p r o d u c t  b a s i s  (x^ & Yj)  f o r -  X Y i s  
s h r i n k i n g .  I f  e v e r y  b a s i s  f o r  X Y was a t e n s o r  p r o d u c t  
(x^ 8  y j )  t h e n  e v e r y  b a s i s  would be s h r i n k i n g  and X Y 
would be r e f l e x i v e  [ 3 8 ] ,  a c o n t r a d i c t i o n .
Remark 5 .2 4 :  P r o p o s i t i o n  5 .2 3  rem a in s  t r u e  i f  e i s
r e p l a c e d  b y  v  s i n c e  i f  e v e r y  b a s i s  f o r  a space  h a v in g  a 
b a s i s  i s  b o u n d ed ly  com ple te ,  t h e n  t h e  sp ace  i s  r e f l e x i v e  
[ 3 8 ] ,  In  t h i s  c a s e  we a p p l y  Theorem 2 . 1 .
In  g e n e r a l  t h e  t e n s o r  p r o d u c t  (x^ ® Yj)  s h r i n k i n g
b a s e s  i n  X 0^  Y i s  n o t  s h r i n k i n g .  F o r  example (e^ )  i s
p 2 2
s h r i n k i n g  in  I b u t  (e^ 0  e i )  ^ ®tt ^ i s  s -̂m^ l a r
( e i ) i n  X2 ( C o r o l l a r y  3 . 8 ) .  In  view o f  t h i s  s i t u a t i o n  t h e  
f o l l o w i n g  o b s e r v a t i o n  i s  i n t e r e s t i n g .
P r o p o s i t i o n  5^25: L e t  be a b a s i s  f o r  a r e f l e x i v e
sp ace  X and l e t  ( y ^ g ^ )  be a s h r i n k i n g  b a s i s  f o r  c Q. Then 
(x^ 0  y j ) i s .  a. s h r i n k i n g  b a s i s  f o r  X Sf  c Q.
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Proof*: We have  [ f ^ ]  8 r [g-jJ = X* ®e j&1 c  (X c0 ) # * Now
•»? i  iX ®€ & i s  t h e  space o f  a l l  compact maps f rom  X t o  I
■ # 1 w h i le  (X cq ) i s  t h e  space  o f  a l l  maps f rom  X t o  I ,
S in c e  t h e s e  two sp a c e s  c o i n c i d e  [ 1 0 , p . 5 l 5 ]  we se e
( f ^  ® g j )  i s  a  b a s i s  f o r  (X cq )* and (x^ a  y^)  i s
• s h r i n k i n g .
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